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Part I (36%)

Answer the following questions in Inspera.

Problem 1 Multiple choice problems, 10 x 3 points

Choose only one of the options for each problem.

a) Consider a system consisting of three particles, two of them with spin % and one with
spin 1. Which option below lists all the possible values for the total spin of the system?
A -1,0and 1
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b) What is the normalized eigenspinor of S, = %ay corresponding to the eigenvalue —g?
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c) Consider the normalized state vector
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) = Al3i[1) + (1 = 20)[2) + [3)],
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1),

2) and |3) are orthonormal basis vectors. What is (¢, the dual vector of |¢)?

A (Y| = A[3i|1) + (1 — 2i)[2) + [3)]

B (¢ = A*[((1] + (2 + (3]

C (¢ = A[(=3)(1] — (1 —2i)(2| — (3]
D (| = A*[(=3i)(1] + (1 + 24)(2| + (3]
E ( [(

Y| = A*[(3i) (1] + (1 + 24) (2| + (3]]
d) The wavefunction of a system is presented as

[) = Al|1) + 2i|1o) + 2[ab3)], (1)

where [¢1), [1)2) and [13) are orthonormal basis vectors. What is A, that is the normalization
constant, when chosen real and positive?

AA=1
BA=1
CA=1
D A=}
E A=

e) Consider that the wavefunction in Eq. (1) above is expressed in terms of the eigenstates
|tn) of a one-dimensional harmonic oscillator with eigenergies

1
En:hw<n+2>, n=20,1,2,3,... (2)
What is the expectation value for total energy?
A (E) = jhw
B (E) = Jhw



C (E) = Yhw
D (E) = Hhw
E (E) =y

f) The system is initially prepared in the state
U(x,t) = Crapy (x)e™ PP 4 Oty () FP21/0 (3)
where 91 (x) and 9(x) are orthonormal eigenstates of the system and C; # Cs (both

constants are real). Which one of the following options holds true?

A The probability density oscillates as a function of time before measurement.
B The probability density is 1.

C The probability density is |¢1(z)|? + |[¢2(z)]?.

D After measuring Fy, ¥(z,t) = ¢ (z).

E The ratio of the probabilities for measuring E; or Es is C1/Cs.

1
g) Suppose a spin—% particle in a spin state x = % (21) Which one of the following

statements holds true? (Hint: 5 of the 6 eigenspinors are listed as options in Problem 1(b).)
A The probability of measuring g (”spin up”) for S, is %

B The probability of measuring —2 ("spin down”) for S, is 3.

C The probability of measuring g for S, is

N[— D=

D The probability of measuring g for Sy is

E One can only choose to measure S,.

h) Consider a particle in one dimension represented by the wave function in momentum
space

C, for0
¢(p)_{7 or 0 <p < po, (4)

0, otherwise.
Which one of the following options holds true?

2
AC=—s ()=4.
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i) The energy levels of a 2D infinite well are

. 2 2 2
Engny, = e (nx + ny) =€ (nm + ny) , (5)
where L is the width of the square well and n, and n,, are positive integer values (n,,n, =
1,2,3,...). The original wave function is composed as

1 1 1
= —Y11 + —= (VY12 + i21) + ——=
in terms of the eigenstates referring to the combinations of the quantum numbers n, and
ny. Which one of the following option holds true after the measurement?

U a2 (6)

A Probability for measuring F = 5¢ is 0.2.

B For E = 5¢, the wave function becomes ¥ = %(1/}12 + 11h91).

C For E = 9¢, the wave function becomes W = 1)99.

D The three lowest possible total energies are £ = 2¢, F = 4¢, and E = be.

E It is not possible to measure E = 5e.

j) Five identical spin—% fermions are placed in a 3D anisotropic harmonic oscillator potential.
The potential is steeper in the y- and z- directions, with the oscillator frequencies w, = 2w
and w, = 3w, while w, = w. The single-particle energy levels are:

1 1 1
Enymym, = hw <nw + 2) + 2hw <ny + 2) + 3hw (nz + 2) , (7)

where ng, n,, and n, are non-negative integers. What are the total energies corresponding
to the three lowest-energy configurations (n,,n,,n.) this system of five fermions can have?

A 15hw, 15hw, 15hw
B 18hw, 207w, 23hw
C 19hw, 207w, 20hw
D 19hw, 20hw, 215w
E 197w, 21hw, 23hw



Problem 2 Short answer questions, 3 X 2 points

Give a short explanation (maximum 2-3 sentences) to only three of the four questions
below. If four answers are given, the first three will be graded. You may use simple
equations in your answers.

a) Are the ladder operators of the one-dimensional harmonic oscillator Hermitian?

b) Is it possible to use the variational method for estimating eigenstate energies above the
ground state (excited states)?

c) What is the physical origin of the hyperfine structure in the hydrogen atom?

d) What is a coherent state in the context of a harmonic oscillator?



Part II  (64%)

Write your calculations and answers to the following problems on paper. Clearly mark each
page and answer with the problem number.

Problem 3 Addition of angular momentum, 20 points

Consider two particles, one with spin—% and the other with spin—%, corresponding to states

|3,m1) and |1, ma), respectively. We shall next consider their coupled angular momentum
states.

a) How many possible angular momentum state configurations there will be after angular
momentum addition of the individual spin states of the two particles?

b) Instead of using the quantum numbers my, and mg, we can make a change of basis and
label the energy eigenstates by j and m;. These are denoted by |j, m;), corresponding to an
eigenstate of J2. What are the possible values for j and how many mj-values there are for

each j7

¢) Now J =J; +Jy. Demonstrate the commutation relation for [J,, J14] by applying it to
the state |j1jamime) directly.

d) Solve [J2,J1] by applying commutation relations (we assume J =J1 +J; here as well).

e) Express the state |jm;) for j = jmae and m;j = jmae in terms of the old states |mima).
(We have omitted the quantum numbers %and % for individual spins because they are fixed
and repeat on both sides of the equations, i.e. [myma) = |31mims) and so on.)

f) Solve the state [jm;) for j = jmaz and mj = jmae — 1 in terms of [mymo) by using ladder
operators.

g) Solve the state |jm;) for j = jmaz and mj = jmaez — 2 in terms of [mimg).

h) Solve the state [jm;) for j = jmez — 1 and m;j = jmqez — 1 in terms of |[mima).



Problem 4 Identical particles - bosons, 20 points

Two identical spin-zero bosons are placed in an infinite square well. They interact weakly
with each other, via the potential

V(ml,xg) = —L%(S(ml — .%‘2), (8)

where Vj is a constant and L is the width of the well. (Hint: You might find something
useful in the formula sheet.)

a) First, ignoring the interaction between the particles, find the ground state and the first
excited state - both the two-particle wave functions and associated energies.

b) Use the first-order perturbation theory to estimate the effect of the particle-particle
interaction on the ground state energy. Provide the energy correction and the corrected
ground state energy.

¢) Do the same for the first excited state energy. Provide the energy correction and the
corrected excited state energy. What is the effect of the perturbation in terms of the energy
gap between the ground state and the first excited state?

Problem 5 Variational principle - hydrogen atom, 24 points

Our task is to find the upper bound for the ground state energy of hydrogen atom described
by the Hamiltonian
h o e?

H=-—V"-—
2m 4megr

(9)
by using a Gaussian trial wave function
W(r) = Ae™", (10)

where A is a real normalisation constant and b > 0 is an adjustable parameter. Let us split
the problem in tasks.

a) Normalize the wave function, that is solve A.

b) Calculate the expectation value for the potential energy. (Hint: You may find it
convenient to use the original A until the final substitution.)

c) Calculate the expectation value of the kinetic energy.



d) Optimize the total energy to find an upper bound Ey;, for the ground state energy.
Here, you should provide the analytical solution. The numerical value follows in the next
point.

e) Calculate the numerical value for Ey, in electron volts (eV). Compare with the exact
result -13.6 eV. Discuss the ”"goodness” of the trial function for this system. Consider
qualitative arguments in comparison with the analytical solution of hydrogen atom.



A  Formula sheet

Schrédinger equation (time-dependent and time-independent)

0 A
ihi ) = 1)

Hly) = El)

Eigenvalues and eigenvectors
det(A—AI)=0
(A= X)v=0

Some properties of the Dirac delta function and Heaviside step function

2T
1
Oz) = , x>0,
0, <0.
d
—6(x) = d(x)

[ o] s@) = - [ an o) | 4100

Various physical constants
h=1.054571817 x 103" Js = 6.582119569 x 107 %eVs
me = 9.1093837015 x 1073 kg
e=1.602176634 x 10712C
c=299792458ms ! ~ 3 x 10°ms!
€0 = 8.8541878128 x 10" Fm ™!

1 4wah
o= —5 = =22 — 1.25663706212 x 10 SN A2
€oC e ¢
€2 1
o= N
dmweghe 137
4regh?
ap= =20 —529x 10 ' m
€ My
h
1e = C  —9.2740100783 x 1024 J T~ = 5.7883818060 x 10> eV T,
Me



Commutators and anticommutators

[A,B] = AB — BA

[AB,C] = [A,C]B + A[B, C]
[A+ B,C] =[A,C] + B, (]

{A,BY = AB + BA

[:ﬁvﬁx] =ih

Sz, S,] = ihS.,

Infinite square well in one dimension

(@) = \/E sin <”Z“’>

n2n2h?

Hydrogen atom

Ladder operators

Angular momentum

[Ji, J;] = ZhZeUka, k={z,yx,}
J2|j,m) = B?j(j + 1), m)
J.|g,m) = hmlj,m)
Ji = Jp £ild,
Jeljym) = V(i Fm)(G£m+1)jm+1)

10



Pauli matrices

(o1 (0 i (v 0
== \1 0 v=\i o 2= \o -1

Trigonometric relations

1 1
.2
=~ — Zcos(2
sin® 6 55 cos(26)
1
sin® @ = % sin @ — 1 sin(30)
1 1

sin? @ = g —5 cos(20) + 3 sin(46)

1

sin? @) sin? Oy = 1 [1 — c0s(26071) — cos(2602) + cos(260; — 265)

Taylor expansion

=1 /d\"
@ =% (1) 1@ @-ar
nZ:O n! \ dx e
Some potentially useful integrals
/OO dx e_a($+b)2 = E
oo a
/OO dz efa12+b:r+c — ze%Jrc
oo a
o0 2 8 " o0 2
/ de z?me ™ = [ - = / dx e™
oo da oo
1
Ood m—a$2_LT+> rYy=yx, T 1) = nT
0 T T € _2a(m+1 /27 (2)_ T, (TL+ )—TL (n)
> dx x2n+167a362 — TL'
0 2an+1
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Cylindrical coordinates

r=rcos¢, y=rsing, z=2=z
_of, L1of, Of,
V= 67“744_ T8¢¢+ azz

19 104, 0A,
VoA=L A s s
10 of 1 0%f  O%*f
20 _ 1+ - il
V= ror <r(‘9r> +r28¢2 + 0z2

/dr:/dzdgbdrr

Spherical coordinates

r=rsinfcos¢p, y=rsinfsing, 2z =rcosf
_of . 10f, 1 0f -
Vf_ar+;@0+rsin9%¢

1

0, 4 1 0 i 1 04,
Z(r2A, “ (A el
ﬁr(r )+rsin989( 981n9)+rsin9 ¢

2p 10 (0] L0 (angd\ L oF
V= 2ar \' or + r2sin 6 06 Smeae + r2sin? § O¢?
/dr: /dcb df dr sin 0r?
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