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The problem set consists of four pages. We use units such that ¢ = G = 1. The
metric is 7, = diag(—1,1,1,1). Read carefully. Good luck!

Problem 1

Consider a four-dimensional spacetime whose geometry is described by the line ele-
ment
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where M is a positive constant, and r, 6, and ¢ are spherical coordinates.

a) Classify the singularities in the geometry described by the line element (1). No
proof is required.

b) Find two symmetries of the line element (1). Write down the corresponding
Killing vectors ¢ and 7, and the conserved quantities e and [. Give a physical inter-
pretation of e and [.

c) A massive particle is moving in the spacetime described by the line element (1).
Use the results in b) to derive an equation of the form
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where Vog(r) is a socalled effective potential.
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d) A massive particle starts at rest at r = oo falling radially inwards. Show that the
smallest radius is ryi, = %M . Calculate the proper time A7 it takes for the particle

to travel from r = M to ryym = %M

e) We introduce a new time coordinate ¢ via
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Find the differential equations for the light-like curves in the spacetime specified by
the line element (1). Sketch the worldlines of light in the (r,#)-plane. Is this the
geometry of a black hole?

dt = dt —dr+

(3)

f) We introduce a new variable v via
dv = dt+dr. (4)

Express the line element in terms of dv, dr, and dQ?.

g) Kepler's third law is Q2 = M/r3, where Q = 2. Find the corresponding result

in the spacetime described by the line element (1).



h) Calculate the gravitational redshift of a photon emitted in the radial direction
by a stationary observer at r4 > M and received at r = co. The emitted photon has
frequency wy4 and the received photon has frequency wye.

Problem 2

Consider the two-dimensional spacetime with the line element
ds* = —X%dT*+dX*. (5)
a) Calculate the Christoffel symbols I'. .

b) Calculate the diagonal components of the Ricci tensor R,z and the Ricci scalar
R.

c) Is the the spacetime with the line element (5) flat? Prove your claim!

Problem 3

a) Write down the equation that defines parallel transport of a vector field A* along
a curve whose coordinates are x%(¢), where o is a parameter. Use this equation to
give a definition of geodesics in terms of parallel transport.

b) The covariant derivative of a covariant tensor of rank two ¢,z is defined by
1 )
Votas = Ohtas —Totss — T% tas - (6)

Calculate the covariant derivative of the metric tensor g,gs.

Problem 4
The line element for an isotropic and homogeneous universe is
sin? k=1
ds* = —dt* +a*(t) |[dx* +{ x* (d6* +sin® 0d¢?) | k=0
sinh? y k=-—1



a) Explain briefly the terms isotropic and homogeneous. The spatial geometry of
an isotropic and homogeneous universe is given by the value of k. Describe briefly
the different geometries given by k = 0, £1.

b) What is a(t)? What is the time dependence of a(t) in a universe that has only
a positive constant vacuum energy density A?

Useful formulas
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