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This solution consists of 7 pages.

Problem 1. Lorentz transformations

R=(x,0,0) ¢—-_. 0

— =
r(t)= (0,0, Vt) Z

An object is moving with constant velocity V' along the z-axis, i.e. along the curve
r(t)=Vté.. (1)

It is observed by detectors at rest at the position R = x é,. You may assume z to be non-negative. You may also
choose to use units where the speed of light ¢ = 1.

First assume the object is emitting light (photons) in all directions. Seen from a coordinate system where the object

is a rest this light is monochromatic, i.e. all photons have the same energy hwg.

a) A photon emitted from the object is observed at position R at time ¢t. At which time tg was it emitted?
Verify your solution by checking the special cases (i) x = 0, and (ii) to = 0.

At time ¢ the object was at position Vg €., at a distance £ = \/V?2t2 + 22 from R. Le., the
photon needs a time ¢t — ¢y = £/c to travel from emission to detection,

At —tg)? = V242 4 22, (2)

Solving for ty gives

o= =7 {1~ VTP - 7o ) )

(i) For = 0 the photon needs the time t — ¢y to travel a distance Vity. It follows that we
must have to =t/ [1 4 (V/c)], which agrees with (3) since [1 — (V/c)] / [1 = (V/c)?] =
1/ [L+(V/e)].

(ii) For tg = 0 the photon was emitted from the origin (z = 0). Le., the detection must
occur at time ¢ = x/c. Inserting this value for ¢ into (3) indeed gives o = 0.
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b)

d)

From which position on the z-axis was the photon emitted? In which direction 7 = cosf é, + sin 6 é;, is the

photon observed to move? Express this by finding the quantity cot 8, with € as given in the figure above.

The emission occured from position z = Vg, with ¢y given by (3). The photon is travelling
from (0,0, z) to (x,0,0), i.e. at an angle 6 such that

__z_ Vo _(V/z) [1 T T (VT aE —
cog == =0 O LV - Wl e @

C

What is the egenvelocity u’” of the object in a coordinate system where it is at rest? What is the eigenvelocity

ut of the object in our coordinate system (where the detectors are at rest)?

The egenvelocity is defined by u* = %x“ = % % (ct,z(t), y(t), 2(t)), with the eigentime 7

choosen so that u*u,, = ¢*. Hence we find
'’ = (c,0,0,0), (5)

and 1
u = ———ees (¢, 0,0, V). (6)
V1= (V/e)?
‘Which energy hw is the photon observed to have? Express your answer by Awg, the angle 6, and V.

In the rest system of the object the photon is specified by the four-momentum
v __ wo . ! / . YA 12 1
p'Y = —(1,sin6’ cos ¢',sin @’ sin ¢, cos ') , (7)
c
with wg independent of direction. In our system it is specified by the four-momentum
w
p = = (1,sin 6 cos ¢, sin O sin ¢, cos ) , (8)
c

with w = w(f, ¢) depending on the direction of the photon.
One simple method to find the connection is to use the invariance of scalar products, implying
that u,p'” = u,p",

! v __ . —
u,p’ = wo = uupt =

1—(V/c)cost "
1—(V/c)?

Le.,

/1= (V/e)?

T 1—(V/c)cosh

By writing V' = ctanhn we find that the photon is blueshifted by a factor e for § = 0 (early

detection times), redshifted by a factor e~ for § = 7 (late detection times), and unshifted
when cos = tanhn/2.

fiw 9)

A seemingly different method is to use the transformation formula between four-vectors in
the two frames (with V' = ctanhn),

p'° coshn 0 0 —sinhpy p°

e 0O 10 0 P

| = 0O 01 0 Y (10)
/% —ginhn 0 0 coshn p*

This gives

p'® = coshnp® — sinhn p* = cosh7n (1 — tanhn cos ) p°,

which is equivalent to (9).
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Now assume instead that the object is a point charge @, so that it is surrounded by a rotation symmetric electric
field in the coordinate system where it is at rest (at the origin)

Qx’

E'{',2') = , B'(t,z')=0. (11)
dmeq |2 |3
This may also be expessed by the four-potential
A,z =—2_ (1,0). (12)
dmeg|x’|

€) Express the quantity |®'| in our coordinates (£, ) (where the detectors are at rest).
Hint: Some general transformation formulae is included at the end of the problemset.

The two coordinate systems are related by the Lorentz transformation (with tanhn = V/c),

ct! coshnp 0 0 —sinhy ct
x’ 0 10 0 x
y 0 0 1 0 y |’
z' —sinhn 0 0 coshp z

so that

|&'| = \/2'2 + 92 + 22 = /22 + 42 + (coshnz — sinh 1) ct)?

= /22 + y2 4 cosh® n(z — V)2, (13)

where coshn = 1/4/1 — (V/c)? (this quantity is commonly called ~).
f) Calculate the field E(¢,x,0,0) observed by the detectors at position R.

You may choose to use the transformation formula for the electromagnetic field tensor, or assume that the

four-potential transform as a vector, and next compute the E-field from the transformed potential A (¢, x).

The transformation formula for the electromagnetic field tensor reads
P (z) =AM N 3 F'*P (2), (14)
here with A#, the inverse of the transformation matrix used in (10). We find

_ Qcoshnz

E*(t,x) = F*(x) = A% A* F'%(z2') = coshn F'%(2') i

 dmeg |z

since A®, = 1 is the only matrix element with an upper index z, and 2’ = 2. For the same
reasons,

h
EY(t,x) = F%(x) = A% AY F'%(2) = coshn F'% (') = m.
Finally

~ Qcoshn (z - Vi)
 dme |z

Ez(t,ﬂ)) _ FOZ(Sﬂ) _ (AOO Az _ AOZAZO) FIOZ(CE/) _ F/OZ(.TI)

Here we have used that F'*0 = —F'%% that (A% AZ — A°,A%)) = cosh®n — sinh® 5 = 1, and
finally that 2’ = coshnz — sinhnct = coshn (z — Vt).
Alternatively we could first transform the four-potential according to the formula

Al (z) = A", A (), (15)
with A*, the inverse of the transformation matrix used in (10). This gives

Q@ (coshn,0,0,sinhn)
dmeq |2/

A(z) = ) (16)
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from which we find, using |z'| = \/x2 +y2 4 cosh®n (z — V)2,
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B _ an+aA0 :Qcoshnx7
cot Oz dmeg |2’ |3
B _ aAy+8A0 _ Qcoshny’
cdt Oy dmeqg |2/ |3
B _ 0A* n dA°N  Qcoshn (z — Vi)
N cot 0z ) dmeolx!]P
The computation of E* and EY is very simple since A* = AY = 0. For E* the numerator

combine as
(—sinhp cosh? i) tanh 7 + cosh 7 cosh? n) (z—Vt) = coshn (z — Vi),
where we have used that V/c = tanh.

By either method we find
Qx coshn

Ez(t7x7030) = 3/27
dreq [m2 + (coshn Vt)z]

EY(t,x,0,0) =0,
—QV't coshn

51372
dreg [xQ + (coshn V) ]

Ez(t) x? ) 07 0) =

g) Compare the observed direction of the field, cotd = E?/E®, with the observed direction cot 6 of the photons
in point b).

We find cot ¥ = —Vt/x compared to cot § = —Viy/x. Le., the electric field points away from
the current (in our coordinates) position of the object, while the photon momentum points

away from the position of the object at the time of emission.

Problem 2. The Friedmann-Lemaitre-Robertson-Walker universe

The Friedmann-Lemaitre-Robertson-Walker metric is defined by the line element

dr? 2 2 2 2
+r (d@ + sin 9dd)) ,

e 1)

ds? = —dt? + a(t)? (1

where we units where the speed of light ¢ = 1, and where k € {—1,0,1}.
a) Write down (i) the metric tensor g,., and (ii) the inverse metric tensor gh¥ for the universe defined by the

line element (18). Assume that the metric tensor has signature (—, +, 4, +).

We compare equation (18) with the general expression

ds? = G dzt dx”

to find
-1 0 0
0 a(®)? 0 0
L, = 1—kr? 19
Iu 0 0 a(t)?r? 0 (19)
0 0 0 a(t)?r?sin? 0
The inverse metric becomes
-1 0 0 0
0 1—kr? 0 0
uy a(t)?
g 0 0 a(t)12r2 0 (20)
0 0 0 L



SOLUTION FY3452 GRAVITATION OG COSMOLOGY, 03.06.2011 Page 5 of 7

b) Calculate the integration measure /—g for the universe defined by the line element (18).

Computing the determinant of (19) gives

al)3 2
V—g= \/RW sin . (21)

C) Explain in qualitative terms what is meant by (i) covariant derivative, (i) connection coefficients, (iii)

Riemann tensor, (iv) Ricci tensor, (v) Einstein tensor, and (vi) scalar curvature. Explain briefly how you

would compute these quantities from the line element (18). You need not perform any explicit computations

here, but you should indicate the index structure of the quantities and relations involved.

(i)

(i)

(vi)

The covariant derivative D, = 8,, + T, is the correct differentiation operator on vectors
(and tensors), taking into account that components of such quantities are with respect
to a basis which may be changing with position.

The components of the matrices I';, makes up the connection coeffiients I'¢s,. Fora
metric connection they can f.i. be found from the geodesic equations following from the
metric g,,,, by applying Hamiltons principle to the action S = —% Jdr g &* & and
comparing with the general form

BT, i i =0. (22)

Or they may be computed from the general expression

e} 1 (6%
%, = 59 (9Bt Gy — 9Buy) - (23)
The Riemann tensor con be defined as the commutator [D,,D,] = R,,. For each

pv-combination this is a matrix with components B4 o In four space-time dimensions
there are alltogether 4* = 256 components, out of which 20 are algebraically independent.

The Ricci tensor is obtained contraction of the Riemann tensor. Usually
RBV = Raﬁau? (24)

but sometimes with the opposite sign.

The Einstein tensor is defined by
]. O(ﬂ
G =R, — 2 9ur 9 Ras. (25)

It is distinguished by automatically being covariantly conserved,

The scalar curvature is defined as the trace of the Ricci tensor,
R =g*’Rags. (27)

As a scalar it is a natural candidate for a Lagrangian for the gravity field.

d) Assume that the matter content of this universe can be modelled by a scalar field ¢ and the associated action

1
Smatter = - /d433 vV —g (59“” 6#5061/90 + V(SO)) El (28)

where V' is some differentiable function of its argument. Assume that the field ¢ only depends on time,
v =p(1)
Simplify the action Smatter for this case, and find the Euler-Lagrange equation for the field ¢.
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f)

The action can be written as,

1 r2dr sin 6df d¢
Smatter = [ dta® | =p? =V ] /—, 29
tt / a { 280 (¢) . T2 (29)

where the intergral over spatial coordinates may be treated as a constant V.

The Euler-Lagrange equations becomes

d ,
5 (@ 9) ==’ V'(g),
which simplifies to
3
G+ p+V(p) =0, (30)

Ie., the expansion of the universe induces a “friction force” in the equations of motion.

The Hilbert-Einstein action for the gravity part of the action is

1
167G pN

SHE

/d4z V=gR, (31)

where G is Newtons constant of gravity, and R is the scalar curvature. For the length element (18) the
scalar curvature is

6 .. .
R:a—z(aa+a2+k). (32)

Simplify the action Sgg to the case that all dynamic quantities only depend on ¢ (like you did for Smatter in
the previous point), and use Hamiltons principle for the total action, Siotal = SHE + Smatter, to find the
equation of motion for ¢.

We can write

3 r2dr sin d0 d¢
dt (a2i 2+ k / _— 33
87rGN/ (aa—I—aa * a) v V1 —kr? (33)

We may perform a partial integration in the first term to bring this into a more familiar form
involving at most first order derivatives,

2dr sin#df do
dt (—aa® + k / T—,
/ (ad ) v V1—kr?

but it is also possible to apply Hamiltons principle to the original action. We obtain a total

action 8r G ) 3y
= o 2 TGN 3 L.a
Stotal = /dt {( aa” + k:a) + —3 @ (2<p V(ga))} <87TGN) , (34)

form which we find the Euler-Lagrange equation for a,

SHE =

SHE =

% (—2aa) = {(—d2 + k) +8rGy <;¢2 - V(@)) } 7

or simplified as

(Qd L& :2) — _87Gx <;¢2 - V(@) . (35)

a  a?
The action Siotal is invariant under time translations, ¢(t) — @(t + ¢) and a(t) — a(t + €). Use Nothers
theorem to find the corresponding conserved quantity.

In this case Nothers theorem says that the conserved quantity is

OL OL
E=— —dp—L
ad6a+a¢6<p ,
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with da = a, ¢ = ¢, and L given by the integrand in (34), except that we will ignore the
constant 3V/(87Gy). With L/0a = —2aa and IL/0¢ = ap we find

8GN 5 (1
E = — (ad® + ka) + %a‘f <2¢2 + V(tp)) . (36)

Remark: The analysis above do not lead to the complete set of Einstein equations. A full analysis gives the
additional constraint that E = 0, equivalent to the condition
52
a k 8 1
— 4= =—Gn(z¢p*+V , 37
a?  a? 3N <2¢ (¢)> (37)

which is known as the first Friedmann equation.



