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Problem 1

(a) Briefly describe the ”method of images” and the type of problems it can be used to solve.

· · ·

Let space be divided into two regions filled with simple dielectric media 1 and 2 with electric permittiv-
ities ε1 and ε2, respectively. The interface between the regions is an infinite plane. A point charge q sits
in medium 2 a distance d from the interface.

We introduce a cartesian coordinate system with the z axis perpendicular to the interface and pass-
ing through the point charge, with origin and direction chosen such that the interface is at z = 0,
medium 1 is in the region z < 0, medium 2 is in the region z > 0, and the point charge has coordinates
(x, y, z) = (0, 0, d) (see the figure).

𝑧 

𝑞 

𝑑 

𝑧 = 0 

medium 1 

medium 2 

(b) Use the method of images to find the potential V everywhere. [Hint: All image charges involved can
be taken to be at distance d from the interface.]

(c) Find the force F on the point charge q. Comment on whether the result is reasonable for the special
case ε1 = ε2.

(d) Find the volume bound charge density.

(e) Find the surface bound charge density.
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Problem 2

As illustrated in the figure below, an ohmic bar with resistance R, length L and mass m can slide
without friction on two parallel, perfectly conducting rails (which extend infinitely to the right). A
uniform magnetic field B points into the page. At time t = 0 a physicist sets the bar in motion by giving
it an initial velocity v0 towards the right. (For t > 0 the physicist does not act with any force on the bar.)

𝑣 𝐿 𝐵 

(a) Argue that a current I will flow in the circuit consisting of the (moving) bar and the rails to the
left of it. Find an expression for I which involves the bar’s velocity v towards the right. What is the
direction of the current?

(b) Show that for t > 0 the time dependence of the current takes the form I(t) = I0 exp(−αt), and give
expressions for the constants α and I0. [Hint: Consider Newton’s 2nd law for the bar in the horizontal
direction (i.e. in the bar’s direction of motion).]

(c) Calculate the total energy dissipated as Joule heat during the motion of the bar (i.e. from t = 0 to
t =∞). Give a physical interpretation of the result.
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Problem 3

By introducing the scalar potential V , it can be shown that the Maxwell equations for electrostatics are
equivalent to a single differential equation for V , the Poisson equation ∇2V = −ρ/ε0, whose solution for
a localized charge distribution is

V (r) =
1

4πε0

∫
d3r′

ρ(r′)

|r − r′|
. (1)

(a) By introducing the vector potential A, show that the Maxwell equations for magnetostatics are
equivalent to a single differential equation for A. Derive this differential equation.

(b) (i) Show that B is invariant under the gauge transformation A→ A′ = A+∇λ, where λ is an arbi-
trary function of r. (ii) Argue that one can impose the so-called Coulomb gauge condition ∇ ·A = 0 on
A, and derive an expression for A(r) in the Coulomb gauge, for a (steady) localized current distribution.

(c) Show that for static problems, in the Coulomb gauge, the electromagnetic field momentum can be
expressed as

PEM =

∫
d3r ρ(r)A(r). (2)

[Hints: It may be useful to consider the cartesian components of PEM. You may assume that all ”surface
terms” at infinity (obtained from integration by parts) vanish.]

(d) Consider a system consisting of three parts: A point charge q at (x, y, z) = (0, 0, d), a point charge
−q at (0, 0,−d), and a point magnetic dipole with moment m at the origin (0, 0, 0). Calculate PEM for
this system.

(e) This question concerns the roles of the Poynting vector in general problems in classical electromag-
netic theory. (i) Briefly state how the Poynting vector enters into calculations of electromagnetic field
momentum. (ii) The Poynting vector also appears in energy considerations. Briefly describe the inter-
pretation/role of the Poynting vector in this context.
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Formulas

Some formulas that you may or may not need (you should know the meaning of the symbols and possible
limitations of validity):

ε2
∂V2
∂n
− ε1

∂V1
∂n

= −σf (1)

ρb = −∇ · P , σb = P · n̂ (2)

ε = −dΦ

dt
(3)

P = UI (4)

(a× b)i = εijkajbk (5)

εkijεklm = δilδjm − δimδjl (6)

Adip(r) =
µ0

4π

m× (r − r0)

|r − r0|3
(7)
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