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Problem 1 - Short questions (20 points)

The sub-problems in this problem deal mostly with different systems and can be an-
swered independently of each other. The questions should only require short derivations
or short explanations.

A point dipole can be constructed in the following way: Consider two point charges, one
of charge ¢ and the other of charge —¢, separated by some vector d (from —q to ¢). The
point dipole is obtained by letting |d| — 0, in such a way that the product ¢|d| is finite.

(a) Show that a point dipole situated at r = ry is described by the charge density
p(r) = —p - Vo(r — 1), (1)

where p := qd. Hint: Use a Taylor expansion.

(b) Use the charge density in Eq. (1) to derive the scalar potential V(r) of the point
dipole.

In the absence of sources, the electromagnetic momentum density g := D x B can be
shown to satisfy the equation

dg -V -T=0, 2)

g
where T := T};X; ® X; denotes the Maxwell stress tensor (summation convention used).
(c) Explain the physical meaning of Eq. (2).

Suppose we describe a metal as a gas of mobile electrons flowing through the crystal
lattice of the positive ions. On macroscopic scales, the metal is overall charge neutral.
When we place a fixed charge ) into this system, say at rg, the electron charge density
p(r) of the metal is altered. A simple model for the scalar potential in the metal due to
the charge @) is given by

(A - %) V) = — Lo — o), (3)

where X is a constant called the Debye screening length, and A := VA2 is the Laplacian.
You are given that the Green’s function Gy (r — r') of the operator Y := A — k? is

1

Gy(r—r') = Tinr—v|

exp (—klx — 1), @)
We use the convention that a Green’s function Gy satisfies Y Gy (r — r') = §(r — ).

d) Write the solution to Eq 3) using the Green’s function Gy.. Give a brief phySiC&l
g Y
interpretation of the solution.
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Problem 2 - Radiation of a point charge (30 points)

In the Lorentz gauge, the scalar and vector potentials satisfy the equations
OV =p/lee and OA = ped, (5)
where [0 := ¢720? — A, is the wave operator. Recall that the retarded Green’s function

of the wave operator (satisfying OG(r —r/;t —t') = o(r — r')d(t — t')) is given by

G(r—r’;t—t’)—;é(t—t’—‘r_r,‘). (6)

 drr — v c

Consider a point particle with charge ¢ moving along a trajectory r,(t).
(a) What is p(r,t) and J(r,t) for the moving point charge?

Using the Green’s function, we showed in the lectures that (you are not asked to derive

this)

q 1 foq v,
(x2) 4rey |:R—R'Vq/6} o (x2) 4 |:R—R‘Vq/0:|’ (7)

where R(t) := 1 —r (t) and v, (t) := 1,(¢).

(b) What is the equation that determines the time at which the quantities in the square
brackets of Eq. (7) are evaluated?

Why are these quantities not evaluated at time ¢?

(c¢) Show that

V(r,t) ~ 47ior (1+5-vy(t—r/c)/c) and A(r,t) ~ Z—f:(;vq(t —r/e), (8

in the far-field and non-relativistic limit. State how and where these approximations
are used at each step in the derivation.

Hint: You may find the following relations useful:

x 1
Vi+r~1+ é and

~1—z forz<l1. 9)

Suppose that you are observing the moving point charge from a large distance r > r,(t)
and you are interested in the electromagnetic radiation from the particle.

(d) Explain what is meant by the radiation fields of the particle.

(e) It is well known that accelerated charges emit electromagnetic radiation. Can this
be qualitatively seen from the expressions in Eq. (8)?7 (You are not required to
compute E and B explicitly.)
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Problem 3 - Cylindrical permanent magnet (30 points)

Consider a cylinder with radius a and length L. The cylinder has permanent and uniform
magnetization M, parallel to its axis, and J; = 0 everywhere. That is,

Moz lind
(r):{ 0Z T € cylinder (10)

0 r ¢ cylinder |

Place the coordinate system so that the cylinder extends from —L/2 < z < L/2, 0 <
r<aand 0 < ¢ <27 (see Fig. 1).

z=—-L/2

Figure 1: The figure shows the placement of the coordinate system with respect to the
cylinder. The origin of the coordinate system lies at the centre of the cylinder.

(a) Argue that H in this case can be derived from a scalar potential ¢/ (r) such that
H(r) = =V (r). Show that ¢ (r) satisfies the Poisson equation

Apy = —pu, (11)
where pp(r) = =V - M(r).

At this point, it might be helpful to recall that the mathematical structure of the equa-
tions is exactly the same as those of electric polarization in the absence of free charge,
which can be seen by doing the replacements

M(r) «— P(r) and ¢pu(r)<— ¢V(r). (12)
(b) Show that ¢y (r) can be determined from the expression

pu0) = o [ ™G0, (13)

where S is the surface of the cylinder, and n is its outward normal.
Hint: You can either make use of the analogy in Eq. (12) directly, or note that M

in Eq. (10) is discontinuous across the surface of the cylinder. This means that its
divergence V - M is singular on the surface.
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(c) Compute pp(2z) and use it to determine the magnetic fields H and B along the
z-axis, inside and outside the cylinder. That is, compute explicit expressions for

H(z) and B(z) from ¢y (z).

NB: you should not find the fields as functions of the polar angle ¢ and the radius
r in the xy-plane.

The z-components of the fields H,(z) and B,(z) are plotted in Fig. 2.

(d) Which of these (left or right) plots shows B, (z) and which shows H,(z)? Comment
on the difference between H and B.

1.00 T T T T T T

0.75 F a=0.2L

0.50 7

0.00 | ]

—-0.25 m

_0'50 L, 1 1 1 1 1 1 1 1 1 1 1 1 1 1

-1.5 —-1.0 -0.5 0.0 0.5 1.0 1.5 -15 -1.0 0.5 0.0 0.5 1.0 1.5
z/L z/L

B.(2)/(poMo) , H.(z)/Mo

Figure 2: Plot of H,(z) and B,(z) in non-specified order with a = 0.2L.
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Problem 4 - Gauge structure of electrodynamics (20 points)
In this course we have seen that the Maxwell theory has a gauge structure.

(a) What is a gauge transformation? Write down how the scalar potential V (r,t) and
the vector potential A(r,t) transform under such a transformation.

In class, we saw that two of the Maxwell equations in covariant form
B M = g J” (14)
followed from using the principle of least action with the Lagrangian density
L= _ L w ™M, (15)
4po
and the action )
S[A] = E/d?’r/dt (L= A"). (16)
We are using the metric with signature g = diag(1, —1,—1, —1) and we have defined
F,=0,A,—0,A,, (17)

and
0, :=(0/c, V) At :=(V/c,A) and J":= (cp,J). (18)

(b) Show that F,, is gauge-invariant.

This implies that £ is a gauge-invariant quantity. However, the action shown in Eq. (16)
does not look gauge-invariant, because of the term where A, appears as itself and not
via the field tensor.

(c) Derive the condition that the current J* has to satisfy for S[A] in Eq. (16) to be
gauge-invariant. Give a physical interpretation of this condition.

Hint: You can ignore boundary terms.

For some special two-dimensional materials (two spatial dimensions and one temporal
dimension), the electromagnetic response is drastically different, and the Lagrangian
density is given by

sk

L= EEMVPAﬂaVAP' (19)
In this equation €""? is the Levi-Civita symbol, and u, v, p are indices that take values
in {0,1,2}. Its definition here is entirely analogous to the Levi-Civita symbol in three

spatial dimensions: it is cyclic and completely antisymmetric in exchanging any pair of
indices, and €°'? = 1. The coefficient k/(47) is a real number.
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In two spatial dimensions, the electric field E is a two-component vector defined as usual,
ie, E = —VV — 0,A, while the magnetic field is a scalar B = 0,4, — 0,4,. In two

spatial dimensions, the electromagnetic field tensor is still given by
F, =90,A,-0,A,,
and we use the metric g = diag(1,—1,—1).
(d) Is £ in Eq. (19) invariant under gauge transformations?
Hint: It might be helpful to use that
1

(//,1,//)6)114/4/) _ 7(/11//1171//)'

2

(e) Show that the action

S[A] := %/d%«/dtﬁ,

(20)

(21)

(22)

is invariant under gauge transformations provided that we can ignore boundary

terms.
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VECTOR DERIVATIVES

Cartesian. dl=dxX+dyy+dzz; dr=dxdydz

. or . 0t . 0t ,
Gradient : Vt=—Xx+—y+—12
ox ay 0z

dv, dv, v,

Divergence: V -v =

ax dy 0z
Curl: Vxv= 9v; _ vy %4 dvy  dvg §+ dvy _ v 5
' ay 0z 0z ox ax ay
Lavlaci V2 9%t N 3%t N 02t
aplacian: = 4+ — 4
P ax2  dy?  09z2

Spherical. dl=drt+rdf6 +rsinfdp; dv =r’sinddrdodp

ot . 10t - 1
0

Gradient: Vt = — -—
raaen o 90 +rsmea¢

¢

8v¢
néd a0 rsinf d¢

Divergence: V -v = —
r

1 ( 9 ) avg
Sln
rsind | 96 RArYY

1 1 ~ 1 ~
+—[ our —i(r%)]a-i-;[i(rve)—avr]‘ﬁ

Curl: Vxv=

r | sinf d¢p  or ar a0

T N IO T WS N I O T S N
aplacian = - — sin @ — -
P r2 or ar r2sin 6 96 r2sin® 6 0¢)2

Cylindrical. dl=ds§+sdp+dz2z; dr=sdsdddz

Gradient Vi 8tA+18t$+8tA
radient: =—8S+-—— —1Z
: 3 5090 " Bz

. 10 18v¢ sz
Divergence: V - v = ——(svy) + —
s s s d¢
10 ad . 85 0 1] 0 0
Curl: Vxy= |-k S0l | O ¢+ - —(sv¢,)— =
s d¢p 0z dz  ds s Lo}

o v, 10 8t+182+82
aptlacian . = ——\|5—
P s ) T 202



VECTOR IDENTITIES

Triple Products
() A-BxC)=B-(CxA)=C-(AxB)
(2) AxBxC)=B(A-C)—C(A-B)
Product Rules
) V(fe)=f(Vg) +g(V[)
4) VA-B)=Ax (VxB) +Bx (VxA)+(@A-V)B+B-V)A
5 V-(fA=f(V-A+A-(Vf)
6) V-(AxB)=B-(VxA)—A-(VxB)
(7 VX (fA) = f(VxA) —Ax(VS)
8) Vx(AxB)=B-V)A—(A-V)B+A(V -B)—B(V-A)
Second Derivatives
9 V- (VxA) =0
(10) Vx(Vf)=0

(1) Vx(VxA)=V(V-A)—V?A

FUNDAMENTAL THEOREMS

Gradient Theorem:  ["(V f)-dl = f(b) — f(a)
Divergence Theorem: [(V-A)dt =¢A-da

Curl Theorem: [(VxA) -da=¢A-dl



BASIC EQUATIONS OF ELECTRODYNAMICS

Maxwell’s Equations

In general In matter:
1 _
V.E=— V-D=p;
€0
B
VxE= _9B VXxE=—-——
] ot ) ot
V.-B= V-B=0
9E B oD
VXB=M0J+M0605 VXH_J"(+¥
Auxiliary Fields
Definitions Linear media:
D=¢E+P P=¢x.E, D=c¢cE
1 1
H=—B-M M=yx,H H=-B
1o I
Potentials
0A
E=—VV—¥, B=VxA

Lorentz force law
F=¢gE+vxB)

Energy, Momentum, and Power

1 S
Energy: U=§ € E +EB dt

Momentum : P=¢ [(ExB)dr

1
Poynting vector: S = —(E x B)
Mo

Larmor formula: P = Ho 242
6mc



FUNDAMENTAL CONSTANTS

€0 =8.85 x 10712 C?/Nm? (permittivity of free space)
o =4m x 1077 N/A? (permeability of free space)
c =3.00x 108m/s (speed of light)

e =1.60x107°C (charge of the electron)

m =9.11 x 1073 kg (mass of the electron)

SPHERICAL AND CYLINDRICAL COORDINATES

Spherical
X = rsinf cos ¢ f(:sin@cosqﬁf‘—i—cos@cosqﬁé—sin ¢q§
{ y=rsinfsing 1 ¥ =sinfsin ¢ T+ cos @ sin ¢>§+cos¢q§
z =rcost 7 =cosOF —sind o
ro=4x24+y*+7z2 I =sinfcos@pX+sin fsingy + cos z
{ 6 =tan”! (\/xz—i—yz/z) ! 6 =cosfcosgp X+ cosOsingy — sin 62
¢ = tan!(y/x) ¢ =—singX+cosgy
Cylindrical
X = 5COS ¢ % =cospS—sin g
{ y=ssing 1 ¥ =sin ¢>§+cos¢>q§
7=z 1=1
s = /x2 42 S =cos¢pX—+singy
1 ¢ =tan"'(y/x) ! ¢=—sinpX+cosgy
2=z =1




