SIF 4060 Elektromagnetisk teori/Electromagnetic theory

Eksamen/Exam 20.12.2000 - Lgsningsforslag/suggested solution:

a)

b)

Problem 1

The charge conservation ?}—’f =-00) follows from the two Maxwell's equations

OxB = u,J +:uo€o%_lt5 and O [E = p/¢, , and theidentity O [{01x B)=0. Wethen

have: O0xB)= 000 +u050%(m [E)= uo(m [ +%—‘t’j =0. QED!

With J = oE, the charge conservation yields ?9_t =-oJ[E = —gg p and then p obeys

0

olnp _ - Direct integration yields

the ssmple, first-order, differential equation: p
0

the following solution for t > 0. p(r,t) = po(r)exp(—gth , Where oy(r) isthe charge

0

distribution at timet = 0. We seethat any given initial charge distribution very soon

decaysto zero.

Free charges are not found in the interior of conducting materials because the
repulsion of free charges of equal signs causes them to move to the surface of the
material. At the same time the attraction of free charges of opposite signs causes them

to combine and partly neutralize each other.

Thefields are given byE:—DV—%—? and B=0OxA . From O{0xA)=0 and

Ox [V =0 thefollowing pair of Maxwell’ s equations are automatically satisfied:

OB=000xA)=0 and DXE:—DXDV—%(DXA):—%—?.QED!

From the last two of Maxwell's equations we obtain:

OLE = p/g, = —DZ\/—%(D [A)=p/e, =

nRY, +%(D [A)=-p/s,. (A)
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and: OxB = y,J +,uO£0%—ItE:

2
Ox(OxA)=0(0MRA)-0%A = 4, -NOEO(D%—\:+ %t/;\j
02A Y
DZA_‘E‘O/'IOF:_IJOJ +D(EONOE+D|]\j' (B)

C) A gauge transform is any change of the potentials VV and A that does not change the

resulting fields: E:—DV—%—? and B=0OxA.

Substituting the Lorentz gauge-condition, [[A = —,uosoaa—\t/, into equations (A) and

(B) above, we directly obtain the given wave equations:

2

oV 0°A
mkY; ~Eobo 5z = -p/&, and A ~Eoko 5z = —1,J . QED!

d) The solutions for V and A are not independent because the two wave equationsin c)
apply only when V and A areinterrelated by the Lorentz gauge-condition. Then p and

J in the two wave equations automatically satisfy the charge conservation equation.

Problem 2

a) The potential:V (r) :ij'lp(r')dr'; where r =|r —r1,isthe special solution
artg, °r
(“partikulaalgsningen”) of Poisson’s equation: 0% =-p/ &,
If the potential is known, the charge distribution giving rise to the potential is given

by: p =-£,0%. For the given potential we have V(r)= V(r) and directly obtain from

the Laplacian in spherical coordinates:

O;forr>R
_ & d( ,dv)_ ’
p(r) = -0V (r) —‘r—ga(r Ej‘{ ‘%Rg;forr <R
3

Q
S

Thisisauniform charge distribution of density p =

in asphere of radius R.
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b) With the given formula substituted into the solution given in a) we obtain the multi-
pole development:

v =-1- j—p(r A=Y e e [P R (cost e
The monopole- and the dipole-terms are, respectively: V, ., = 4anor Q= J' p(r)dr,
and Vg, = ype 1 — jp(r')r'cos@'dr‘.
g "
C) Since r'cos@'= dip 1p [ﬁ

p= Ip(r)rdr is the dipole moment. QED!

With the dipole moment along the z axis and spherical coordinates, we have

1 pcos@

lep dlp (r 0) 4]_[‘%

and obtain the field components from the given

formulas for the gradient in spherical coordinates:

oV, oV, ' YA
Er —_ dip -9 pCOS@ Eg :_E dip _ pSH‘IHg’ and sz_ 1 dip -0.
or 4rtg,r® r 08 4ngr rsné og
d) In coordinate-free form the dipole field is given by:
_ _ 1 plt)_ 1 |p pDT
E, =-0V, =- O =- F_3
T g ( re j 4nso{ r’ }
1[p _50 Ef)r}
— = 3(p Of)r -
47750{ re are, r® [ ()7 -pl

since Or =r/r =f . QED!

Problem 3
a) Maxwell's equations in integral form follow from the divergence- and the curl-

theorems. We here use the general form of the equations (cf. page 10 of the problem
set), the corresponding equations in matter follow quite straightforwardly.

O0B=0 = <5|'B [da =0 (no magnetic monopoles)

O =p/g, = £O<jE [da=Q (Gauss law; Q = I,odr is the charge enclosed by the

Gaussian surface.)
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b)

4
oB do . , . .
UxE= _E:} 4E [dl = —E(Faraday sinduction law; ® = IB [da isthe magnetic
flux through the surface enclosed by the loop.)
OxB = 1, +,uo¢90%—[tE :’uicJB @l =gy + | gqr (AMperE'slaw; |, = [J [Ha isthe
0

conduction currentand 1, = %(so IE [da) isthe displacement current through the

displ

surface enclosed by the Ampérian loop)

The tangential (in-plane) components of E and H and the normal components of B and

D are continuous across an interface between two materials without free charges?

Thefieldisgivenby E = -1V —0;—?. We only retain terms that do not approach zero

faster than 1/r for r — 0. Thefirst term in the expression for \ approaches zero as 1/r?
and cannot give contributions of the desired form. However, from the second term of
V we get a contribution of the desired form when the gradient is taken with respect to
ther dependencein p(t—r/c). Since Or =f =r/r, we have

_JA _pt-r/c) Or _ pp(t-r/c) :p(t—r/c)Eﬁ‘f_,uop'(t—r/c)

E=-0V >
ot 4mgcer C 4rrr 4rgcr 4y

— Mo Tran £ :_:uopm(t_rlc)
—m[(p(t r/c) ) —p(t-r/c) pr—

where p, =p —(p [f)f isthe component of p perpendicular to r and we have used that

1= s

The given expression follows directly from the result in b) and the vector triple

product (see the given formulas): f x (f xp) = —[ﬁj -(p Eﬂ‘)F] =—p,.

For the magnetic field we only get a contribution of the desired form when the curl is

taken with respect to ther dependence of p(t—r/c), and obtain:

B:&Dxp(t—r/c):— Ho Orxpt—r/c)=- Ho rxp(t-r/c)=- Ho rxp,(t-r/c).
arrr 4 4

JIC JIC 4arrc

op, O0p 1(or . or . 1 .
e ( p ——pyJ=—E(Drxp)x,etc.

Here we have used that: (0 x p) P o

oy 0z C
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d)

From the resultsin b) and c) we seethat E, B, and r form an orthogonal right-handed
system in the usual sense. Therefore Poynting's vector is directed radially and given
by:

w20y --2t_
1E><B:/J°pD(t r/C)f_\:/Jop( r/C)Sinzgf,

Ho (4rr)c (477 )c

where we have used that p, = psin@, with 8 being the angle between | andr.

Integrating S over a sphere of radiusr we obtain for the total radiated power:

pi(t-r/c)” 2 pi(t-r/c
p:{sma:MJ’gn?’ng qu):M,

(amfc ; 67T
since da=r?sin@d@gf . The @ integral ismost easily evaluated by introducing

n 1
X = cosf asanew integration variable: _[sin‘@d@z _[(1— xz)dx:g.
0 -1




