TFY4240 Electromagnetic theory: Solution to exam, spring 2021

Problem 1

(a) For convenience I give the physical charge the label 0. The potential outside the conductor is

3
4qi

V= V;  where V;= ‘ )

; dmeor/(x — )2 + (y — yi)? + 22 (1)

1. The potential V should be 0 everywhere on the conductor surface. By taking g1 = —¢q, V1 will cancel
Vb at the horizontal plane, but ¢; will also contribute Vi # 0 at the vertical plane. By taking g3 = —q, V3
will cancel Vj, at the vertical plane, but g3 will also contribute V3 # 0 at the horizontal plane. The two
unwanted contributions from ¢; and g3 are cancelled by V5, by taking ¢a = +¢q. Thus V = 0 is ensured
by pairwise cancellations of the potentials V;, as summarized here:

Horizontal plane: Vo +V; =0 and V54 V3 =0, (2)
Vertical plane:  Vy+V3=0 and V;+ Vo =0. (3)

2. The surface charge density is
0 = —€ (anv|outside - 877,V|inside)~ (4)

where 0, = n -V, with n the unit vector perpendicular to the conductor surface, pointing out of the
conductor. The two terms refer to the derivatives just outside and just inside the conductor. The term
labeled "inside” vanishes because V is constant in the conductor. For the horizontal plate, n = g, giving

3
0 =0n(7,2) = —€0 Zayvi’yzo' (5)
i=0
Here X 1
qi
o,V = = oy — i) - 1 6
Y 4meg < 2> [(x— )2+ (y —yi)? + z2}3/2 (v — i) (6)
This gives
3
O'h(l',Z) = _% 2qiyi2 3 3/2
- % : - 1 (7)
T 2e\[@— a2+ 02+ 222 [(w+a)2 b2+ 22P2)0

The total charge on the horizontal plate is

Qh_/ooodx/o;dzah(z,z). (8)

The z-integral is

oo
/ dz _ 2 )
oo [(Ea)2 +02+ 2232 (z+a)?+b2
Next, doing the z-integral gives
(x + a)
arctan b

(arctan(oo) — arctan (:I:%)) = %

oo

o 2 2
/0 dr [(z £ a)?+b? b o
% (g F arctan (%)) . (10)

Qn = —% . % [(g + arctan (%)) — (g — arctan (%))} = —% arctan (%) . (11)

Thus



3. By symmetry, @, can be found by interchanging a and b in Q. Thus, using also the given formula,

2 a bN| _ _2¢ 7™ _ _
Qn+ Qv = — {arctan (E) + arctan (a)] - 5=« (12)

That this result makes sense can be argued as follows: The multipole expansion for V' outside the
conductor must be the same regardless of whether it is found from the fictitious system that gives (1)
or from the physical system whose charges include gy and the surface charge density on the conductor.
Thus in particular the total charge @) entering the monopole term can be written in two different ways:

3

Q= ai=aq+Qn+Qu (13)

=0

Thus Qp + Q. = 2?21 gi = —q, in agreement with (12). (More generally, this argument shows that the
sum of the image charges equals the total charge on the conductor.)

(b) Again V should be 0 everywhere on the conductor surface, which here consists of a horizontal part
and a (hemi-)spherical part. This problem can be solved with a reasoning very similar to that used
in 1(a)l. We follow the suggestion of making use of results from simpler problems. Two simpler (and
previously encountered) problems in the category ”a point charge outside a conductor” that have some
overlap with this one have a conducting surface that is (i) an infinite horizontal plane and (ii) spherical.t
A solution with 3 image charges q1, g2, g3, placed as shown in the figure below, can be argued as follows:

The image charge ¢ = —q will cancel Vj at the horizontal part of the conductor surface but will also
contribute V4 # 0 at the spherical part. The image charge g3 (with appropriate charge and position on
the line passing through the origin and gg) will cancel Vj at the spherical part but will also contribute
V3 # 0 at the horizontal part. The two unwanted contributions from ¢; and g3 can be cancelled by g2
by taking go to have charge —q3 and be placed symmetrically to g3 across the z-axis, as then V =0 is
ensured by pairwise cancellations of the potentials V; as summarized here:

Horizontal part: Vy+ Vi =0 and Vo+V3=0, (14)

Spherical part: Vyg+Vz3=0 and V;+V,=0. (15)

It only remains to determine the charge and position of ¢;. These are easily found by looking up the
results for the charge and position of the single image charge in the simpler problem' and translat-

ing these to our situation. (It will involve the radius R and the distance v/a? + b? from the origin to
do-) Thus V is given by Eq. (1), with the charges ¢; and their positions (x;, y;, 0) listed in the table below.
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(c) The electric multipole expansion for V' is V(7) = Vinonopole(”) + Viipole (7") + Vauadrupote(7) + . .. The
monopole moment is the total charge Q = E?:o ¢; = 0, so the monopole term Viyonopole(r) = Q/(4meor)
vanishes. However, the dipole moment is nonzero:

3 R3
b= Z%‘Ti = 2gb <1 - [(12—1—1)2]3/2> g. (16)

i=0

1See Problem set 2 for the problem with a point charge outside a spherical conductor.



Thus from large distances the system looks like a dipole:

p-7 p-r qby (1 R3
[ .

T dmegr?  Ameord omeo[a? + 2 + 2232 U [a2 4 b2]3/2

Vi(r) = Vdipole(r) (17)

Problem 2

(a) See p. 9-11 in the lecture notes ”Frequency-dependent response of materials”.
(b) 1. The intensity of a wave w = I, R,T is defined as the magnitude of the time-average of the
associated Poynting vector, I,, = |(Sy)|. Using the formula

1 ~ o~
(CD) = SRe(C*D) (18)
we find
(8;) = LRQ(E* % Bz) — LRQ(E* e—i(/wz—wt)EEOIei(kzz—wt)aAj X )
240 ! 20 of c
1 - .1 ~ .
= %LE(][PZ = §EOC|E0[|2 z. (]_9)

An almost identical calculation gives

1 = .
<SR> = —§EOC|E0R|22. (20)
Finally,
1 x —i(ky szt)ﬁ ” i(krz—wt) 4, ~
(St) = Q—MORe(EOTe T EEOTG T XY)
]_ ~ " 1 ~ 12
= 2M06|E0T|2e’2(‘”/0)” “Re(n)2 = ieocanOTPe*?(W“ 3. (21)
Thus
1 -
Iy = §€OC|E01|2, (22)
1 ~
IR = 5606|E’0R|27 (23)
1 ~ "
Ir = 560671’|E0T‘2672(w/c)n z. (24)
2.
po_ Ir _|EwP _|1-7 2 —1)% 4 (n)? 25)
= II = |E'01|2 = 1+7 - (n’+1)2+(n”)2’
7 - Ire=o n'|E°T|2 _ an! (26)
Ir |Eorl? 140 (+1)2+ (n)>
This gives
1 2 11\2 An/ / 1 2 11\2
R+T:(n )+(n)+n:(n+)+(n):1. (27)

(n/ + 1)2 + (n//)Q (n/ + 1)2 + (n//)Q
Thus the intensity of the incident wave is transferred to the reflected and transmitted waves. This is a
manifestation/consequence of energy conservation.



(c) 1. There are several ways to prove this. I present three alternative proofs below. Also, in the Ap-
pendix I discuss some incorrect claims that were common in the answers to this question.

Proof 1. The time average of a periodic function f(t) with period T is defined as

1 /T
=g | aso. (28)
0
Thus
N L [ w2~ Ly~ oy =0 (29)
o/ T J o T 7
This very short and simple proof is also the most general one, as f is a general periodic function here.

Proof 2. In the medium, the Poynting vector is § = Sp. Thus
oS 10 1 <8ET BBT>

= f(ETXBT):f ——— X Br+ Er x

Ot o ot o \ Ot ot (30)

Taking the time average gives

<%‘?>::0 (<8§T ><BT>+<ET>< 8§T>). (31)

Both fields have a simple harmonic time dependence with frequency w. Their time derivatives are thus
also simple harmonics. Thus we may use (18) to find the two time averages in (31). Using that

dEq . 9B; .

it follows that

o8\ _ 1 wB ) X B+ B % (—iwB)) — < Rel(i — VB% x Br) — 2~ Re(0) —
<(‘3t> = %Re((—szT) x Br + E}. x (—iwBr)) = o Re[(i —4)E} x Br) = 2MORe(O) =0. (33)

Proof 3. This proof uses the physical fields, not the complex ones. First, we write the complex amplitude
Eyr and the complex refractive index in polar form by introducing their magnitudes and phase angles:

Eor = |Eor|e™, (34)
no= |nle’. (35)
This gives
Br = |Byrlel@/on smasdon)~o/om’s 4 (36)
Br = 1 fpleirons—attsimto)—(/on"s 4 (37)
&

Thus
Er = Re(Er) = |Eor|cos((w/c)n'z — wt + dop)e” /"2 g, (38)
Br = Re(Br)= @@w cos((w/e)n'z — wt + dor + @)™ /= . (39)

Thus
St = iET X By = /|Z|C |Eor|? cos((w/c)n'z — wt + Sor) cos((w/e)n'z — wt + Sor + ¢)e 2/ 2 5 (40)



This looks complicated, but note that the only thing of importance here is the time dependence. Only
the two cosine factors are time-dependent, and their time dependence is restricted to the —wt terms, so
everything else in each cosine argument can be lumped into a constant. Name the two constants v and
n, le. v = (w/e)n’z+ dor and n = (w/c)n'z + dor + ¢. Thus the product of the two cosines is

cos(y — wt) cos(n — wt). (41)
Its time derivative is
d
a[cos(’y —wt)cos(n —wt)] = wlsin(y — wt) cos(n — wt) + cos(y — wt) sin(n — wt)]
= wsin(y + 7 — 2wt). (42)

The function sin(y + n — 2wt) is harmonic with period T'/2, so its time average vanishes.

2. The total force on the charges and currents inside a volume {2 is

R TP ._lfls_/._l/Saﬁ
F_/erf—/gdr{V? 55 _ada? 3 [ P (43)

In the last transition we rewrote as usual the volume integral of V - ? as a surface integral by using a
divergence theorem; in the resulting surface integral a is the closed surface that bounds the volume 2.

Taking the time average gives
1 s /08
<F>_/ada-<?>—62/ﬂdr<at>. (44)

We want the force on the medium; hence the volume € should be chosen to contain the medium in
its interior (and no other charges or currents; but that is not a complication here since there are none
outside the medium). We also want to make full use of the result proved in 2(c)1; hence this volume
should surround the medium ”tightly” so that we can use that <%> = 0 inside 2. Thus with such a

choice of €2,
(F) = / da - (T). (45)

Since the medium is (semi-)infinite we analyze a finite volume € that in the infinite-volume limit includes
the entire medium. Given the simple field dependence on the cartesian coordinates in this problem, i.e.

E = E(2)%, B = B(z)y, (46)

we pick Q to be a box (rectangular prism) with side lengths L., L,, L,. In the z direction we can
take the box to go from © = —L,/2 to L,/2, in the y direction from y = —L, /2 to L, /2, while in the
z direction it should go from z = 0 to L,. Then the box will contain the entire medium in the limit
Ly, Ly, L, = oo.

Next we analyze the contributions to (45) from the six faces of the box. For this discussion, we will use
that da = dan where the unit vector n should point out of the box.

e For the two faces with x = £L, /2, note that for each point (L. /2,y, z) on the face with z = +L, /2
with n = +&, there is an opposite point (—L,/2,y,2) with n = —&. As is identical at these
points (because the field components are z-independent, cf. (46)), the contributions da - ? from
such pairs of points cancel. Thus these two faces give zero net contribution.

e An exactly analogous argument holds for the two faces with y = =L, /2: For each point (z, L, /2, z)
on the face with y = +L, /2 with » = +y, there is an opposite point (z,—L,/2,2) with n = —yg.
As ? is identical at these points (because the field components are y-independent, cf. (46)),

the contributions da - ? from such pairs of points cancel. Thus these two faces give zero net
contribution.



e For the face at z = L, the nonzero components of ? will decay exponentially as e~2(«@/ en”' L
(because the fields in the medium decay like e~(“/9)""#) 5o the contribution goes to 0 as L, — oo.

e For the face at z =0, n = —2, so
da- ‘T = —daz Tydie; = —daTy(2 - #:)%; = —daT;6;,8; = —da(Toud + Toyl) + Tos2). (47)

Since F, = B, = 0 it follows that T, = T, = 0. Thus
da-T = —daT..3. (48)

In conclusion, only the face at z = 0, i.e. at the vacuum-medium interface, will contribute. For this face
da = dzdy. Since the field components depend on neither x nor y (cf. (46)), the surface integral over the
interface will become proportional to its area A. Thus the force will diverge as A — oco. But the force
per unit area will be finite:

F
E
It remains to evaluate (7,). We have
1 1 1 1
T.. = e(E?-E)+—(B— . B%=-"E — B
2 Ho 2 2 240
€0 , 122 1 2
-~ (T..) = —SUE?_ _~(B?. 50
(T = - - 3-8 (50)
Using (18), the time averages can be found as
1 L
(E - E) iRe(E* - E), (51)
1 L
(B-B) = iRe(B* - B). (52)

Since the medium should be completely inside €2, we evaluate T., just outside the interface, on the
vacuum side (i.e. at 2 =07), where E = E; + Er and B = B; + Bg. One finds

E*-E = (E;+E}) (Er+Eg)

= E; E/+Ej; Er+E; Er+E}, E

= |Eorl? + |Eor|? + E}Eore™ 2% + EpEore*1#, (53)
B*-B = (Bj+ B})-(B;+ Bg)

= B} -B;+Bj -Br+B}-Br+ B} B
1 n n % T —2ikrz [k T ikrz
- 0—2(|E01\2+\E0R|2—E0,E036 Zikiz _ pr o FEore?t®). (54)

Note that the cross terms coupling the incident and reflected waves in (54) have the opposite sign from
those in (53); this comes from kr = —k; in the expression B,, = %kzw x E,, (w=1,R). As a consequence
of this, and 1/ = €oc?, the contribution from these cross terms cancel in (T.), leaving

1 - .
(Tez) = =50l Borl? + | Eorl?). (55)

Using (22) and (25) this can be expressed as (T..) = —ZL(1 + R) and therefore

(F) I 5

—~ =—(1+R)z. 56

1 = 1+R)z2 (56)
3. The result (56) shows that the force points in the 2 direction, which makes intuitive sense since
the incident wave propagates in this direction. The magnitude of (56) is a pressure, usually called the
radiation pressure:

I
Prad = ?’(1 +R). (57)



It also makes sense that this pressure should increase with the intensity I; of the incident wave. We also
see that it increases with R, with the two extreme cases being
I
R=0: Prad = ?I (58)
21
R=1: Prad = 71 (59)
This is related to momentum conservation. When R = 0 there is no reflected wave, so the momentum of
the incident wave is transferred to the medium. When R = 1 the momentum of the reflected wave has
the same magnitude but opposite sign of the incident wave. Momentum conservation then implies that
twice as much momentum is transferred to the medium.?

Problem 3

(a) 1. Here R = r — 1,4, where ry is the position of the particle, v is its velocity, and a its acceleration.
A crucial fact is that due to the finite speed c of electromagnetic signals, the particle properties ry, v,
and a should not be evaluated at time ¢, but instead at the earlier so-called retarded time t..; defined
by the equation

|7 — 7q(tret)|
—

tret =t — (60)

2. In order to evaluate the fields at r = (z,y, z) at time ¢ it is necessary to solve Eq. (60) for the retarded
time t,.;. For this problem it becomes

\/1'2 + y2 + (Z — 20 COS(Wtret))2
. .

tret =1 — (61)
3. This question® can be answered for the general Eq. (60). The number of solutions for a given particle
trajectory and given (7, t) is equal to the number of intersections of the worldline of the particle (obtained
from 74(t)) with the past light cone of the spacetime point (r,t) in a spacetime diagram (because an elec-
tromagnetic signal sent from such an intersection point will pass through (r,t)). The particle worldline
is bound to intersect the past light cone. Furthermore, there cannot be more than one intersection, as
this would imply that the particle would have had to move at a velocity exceeding ¢ during at least some
of the time between two such intersections, and this is impossible. Therefore there is one solution for te;.*

(b) We may neglect the ”velocity field” that decays like 1/R? in E, as it will not contribute to radiation.
This leaves the ”acceleration field”
q R
E...(r,t)=——"—-R X (u xa). 62
acc( ) ) 47T€0 (R U)3 ( ) ( )
For general (r,t) this is not easy to evaluate, not least because we don’t have an explicit expression for
tret (cf. 3(a)2.) However, since the question is concerned only with the combined conditions

zo/r < 1 and vie <1, (63)

the ratios appearing here play the role of small expansion parameters, so we are justified in neglecting
small non-leading contributions. This will simplify the expressions considerably. For example, one can
argue as follows. First, from v(t;et) = —wzg sin(witye;) we see that the maximum speed is wzg. Thus
v/c < 1 implies wzg/c < 1, which it will be useful to express as

wO(zp)

<1, (64)

?Discussed in the 15/3 lecture.

3Discussed in the 22/3 lecture.

4This is why we refer to the retarded time. Had there been more than one retarded time, each would have contributed
to the fields, and we would have had to add the different contributions.



where O(z) means zp multiplied by a dimensionless number of order 1. Next, note that |r — ry(twet)| =
r 4+ O(zp). Thus

wO(zo)'

Whet = w(t—W)zw(t—W)zw(t—r/c)—i— . (65)
Thus the cosine factor in zy(tyet) = 20 cos(wtyer) becomes
cos(witrey) = coS [w(t —r/c)+ WO(EZO)}
= coslw(t —r/c)] cos {“’OC(ZO)} — sin [w(t — r/c)] sin [“’OC(ZO)]
~ coslw(t —r/c)], (66)

where the last approximation could be made because (64) implies cos [%(ZO)} ~ 1 and sin {%(zo)} ~

7WO§ZO) < 1. Thus we are justified in making the approximation t,e; & t — r/c in wt,et. Therefore
a(tye) = a(t —r/c) = —w?zy coslw(t — r/c)] 2. (67)

The first condition in (63) implies that in other places where R, R and R appear we can approximate
it with 7, r and 7, and the second condition implies that we can neglect terms of O(v/c), so u = cr.
Inserting these approximations into (62) gives the radiation field

ISR B
E .q(r,t) ~ pr—— 7 X [P xa(t—r/c). (68)
To evaluate the two cross products, we start with the inner one, using in turn (67) and # x 2 = —sin 6 ¢,
and then 7 x ¢ = —6 for the outer one. As a result, Eq. (68) becomes
2
E .q(r,t) = _4(7]:;0:27‘ cosw(t —r/c)]sinf 6. (69)

Now the magnetic field can be found from (1/¢)R X E,ec(r,t). Making the same approximations as for
E gives (1/¢)7 X Eyaq(r,t). Finally, using 7 x 8 = ¢ gives

qzow?

B,q(r,t) =~ coslw(t —r/c)]sinf ¢. (70)

4megcdr
Remark: The point charge has an electric dipole moment p = ¢r,, and it can be seen that (69)-(70) coin-
cide with the leading contribution to the fields of an arbitrary localized source which is the electric dipole
contribution given by® E,.q(r,t) = (uo/47r)F x [# x p(t — r/c)], Braa(r,t) = —(uo/47r)F x p(t — 17 /c)
(when this contribution is nonzero). This therefore confirms the correctness of (69)-(70). More specif-
ically, (69)-(70) coincide with the radiation fields of an electric dipole with a dipole moment in the z
direction.® Other quantities derived from these (like S;.q; see below) will then also coincide.

(c) 1. The associated Poynting vector is

sin?6 .

23wt
2
,

1
Sraa(r,t) = %Erad(r,t) X Biaa(r,t) = Tom2erd® cosQ[w(t —r/c)]

where we used 1/ = €oc? and 8 x ¢ = 7. Using (cos?[w(t — r/c)]) = 1/2 the time average is

2,2 4 2
g z5w* sin” 0 |

Sra =T 70

(Sraa(r)) 32m2eqcd 12 " (70)

2. The power radiated through a sphere of radius r is P(t) = [ Syaa(r,t) - da. Thus the energy U

radiated during a period T = 27 /w is

T 2 2.2, .4 2 T 2.2, .3
U=/ dtP(t)=T<P>=T/<Smd<r)>-da= T %/ dw/ d0sin 0sin? 0 — L2097y
0 0 0

w  32712epcd 6eoc?

4
2m-3

5Discussed in 26/3 (replacement) lecture.
6Discussed in 25/3 lecture.



Appendix: Incorrect claims in answers to 2(c)1

Looking through the exam answers to question 2(c)1, three incorrect claims were common. These seem
to be tied to mathematical issues, not physics. I hope the following discussion of them can be helpful.

The first incorrect claim is

<%§> = %(S) (a logically incorrect statement) (72)

Both sides of this equation are 0, so in a trivial numerical sense the equation is true. But the rhs is not a
logical consequence of the lhs. On the rhs, the time average (S) is time-independent by construction, so
taking its time derivative must necessarily give 0. The rhs seems to have been ”obtained” from the lhs
side by pulling the time derivative outside of the integral. But this can not be done, since the integration
is also over the time variable, so the time derivative and integration do not commute. (In contrast, if
the integral had instead been over spatial variables, one could have pulled the time derivative outside.)
Another way to see this is that such commutation, if valid, should then also have been valid if the inte-
gration limits were changed to something else than an integral over a period. In that case the rhs would
continue to be 0 (since the integral still produces a time-independent quantity), but the lhs would then
in general not be 0, giving also a numerical contradiction.

The second incorrect claim is that S itself is time-independent. That this is incorrect can be seen ex-
plicitly from (40). This conclusion seems to have been reached by erroneously thinking that S itself, and
not merely its time-average, can be found by using (18).

The third incorrect claim can be phrased as follows: Given that C' and D are the complex quantities
representing the real quantities C' and D, then CD is the complex quantity representing C'D. (In the
present context this claim took the form that Sr has the complex representation (1/4)E7 x Bp.) That
this claim is incorrect can be seen from a simple example. Suppose

C = Cycos(kz—wt+dc) = C=Coe**=%D  (where Cy = Cpe'), (73)
D = Dycos(kz—wt+06p) = D= Dge!**=9) (where Dy = Dye?). (74)
Thus
éD _ CODOei(Zkz—th+5c+5D) (75)
SO o
Re(CD) = CyDg cos(2kz — 2wt + d¢ + dp), (76)
which is not equal to the physical, real, quantity
CD = CyDy cos(kz — wt + d¢) cos(kz — wt + dp). (77)

The discrepancy occurs because the real part of the product of two complex quantities does not only
get a contribution from the product of the individual real parts (which is the contribution we want)
but also gets a contribution from the product of the two individual imaginary parts. You can see both
contributions by using the formula for the cosine of a sum to rewrite the cosine on the rhs of (76) as
cos(kz — wt + d¢) cos(kz — wt + dp) — sin(kz — wt 4 d¢) sin(kz — wt + 0p).



