TFY4240 Electromagnetic theory: Solution to exam, spring 2022

Equation numbers in the exam text will be referred to with the prefix ET. Thus, for example, (ET4)
refers to Eq. (4) in the exam text.

Problem 1

(a) 1. The infinitesimal charge dg; on an infinitesimal area da around the point = on the surface a of
the segment of cylinder 1 is dg; = o1(7)da. As the force on that infinitesimal charge due to cylinder 2
is dF = dq; Es (1), we get

F:/dF:/dqlEg(r) :/(ldaal(r)Eg(r). (1)

In other words, to find F' we can integrate o1 (r)E>(r) over the surface of the segment of cylinder 1.

2. Clearly the charge distribution on each cylinder has cylindrical symmetry around the cylinder axis.
Due to this symmetry and the properties of the electric field in electrostatics (divergence proportional to
p, and zero curl), it follows that! the electric field of cylinder o must point radially, with its magnitude
only depending on the distance s, to the cylinder. Thus we can write E, = E,8, where E, (which is
not necessarily positive the way we have defined it) only depends on s,. Due to the high symmetry it is
convenient to use Gauss’s law in integral form, i.e.

onc . da = Qenclosed (2)

€0

with the closed Gaussian surface a chosen to be a cylinder of radius s, and length L that is concentric
with the physical cylinder. First consider the surface integral on the LHS. There is no contribution from
the two flat parts of the Gaussian cylinder surface since da there is perpendicular to E,. This leaves
the contribution from the curved part, which, using da = da$,, is given by F, - 2wsq L. On the other
hand, Qenclosed €quals o, - 2wbL for s, > b and 0 for s, < b. Thus the field vanishes inside the cylinder
(sa < b), while outside the cylinder (s, > b),

E, = o (3)

€0Sa .

It follows from this result that outside the cylinder the field magnitude is given by Eq. (ET1), and that
the field points in the outward direction (i.e. away from the cylinder axis) if o, > 0 and in the inward
direction (i.e. towards the cylinder axis) if o, < 0.

(b) The second term in (ET2) vanishes. This can be argued either from the fact that this is a statics
problem, so the time derivative must give 0, or from the fact that B = 0 here, so § = 0. Thus F

simplifies to

and the components of the Maxwell stress tensor ? simplify to
1 2
Tij = €0 E,LE] — §5UE . (5)

The volume ) can be chosen as described in the exam text because it satisfies the criteria: (i) it encloses
all the charges we want to find the force on, (ii) it does not enclose any other charges. The volume
takes the form of a “half-cylinder” of length L and radius R. Thus its surface a consists of four parts:
two half-disks of radius R, respectively at z = L/2 and z = —L/2, and two “strips” of width L, one of
them curved (at distance R from the origin) and the other one flat (at @ = 0, of height 2R). We now
consider their contributions to the surface integral in (4):

IMore details about the reasoning leading to these conclusions could be given, but I omit them here.



e For the two half-disks at z = +L /2, note that for each point (z,y, L/2) on the half-disk with z = L/2
and da = daZ, there is an “opposite” point (z,y,—L/2) on the half-disk with 2 = —L/2 and

da = da(—2). As T is identical at these points (because E is independent of z), the contributions
- da from such pairs of points cancel. Thus the two half-disks give zero net contribution.

e For the curved strip, we can for R > w approximate s, in (ET1) by R, from which it follows that
E decays like? 1/R. Thus, since T s quadratic in E, T decays like 1/R2. On the other hand,
the area of the curved strip is 2r RL and thus grows like R. Therefore the contribution to fa ? -da
scales like 1/R? - R = 1/R, which goes to 0 as R — oo. Thus the curved strip does not contribute
to F' in the limit R — oo.

Thus the only contribution comes from the flat strip at x = 0. We have (also using the Einstein
summation convention)

? -da = (Tmiz ® :ilj) . (dak:i:k) = Tij dak @2 ((i'J . ii’k) = Tij dak :IAJz (Sjk = Tzkdakiitl (6)

Thus
F, = 7{ (T - da), = f Typday, = ?{ (Tuadag + Tayday + Tyadas). (7)
a a a

For the flat strip at = 0 we have da = da - (+&), so da; = da and da, = da, = 0, where da = dy dz.
Thus only T, contributes. Because nothing depends on z, the z-integration just gives the factor L.
Furthermore, since E, = 0, we get Ty, = €o(E2 — (1/2)E?) = (e0/2)(EZ — E}). Thus

LEO o

Fy
2

dy (E; — E2). (8)

—00

Here, E; = By ; + Es , and By = Ey , + E5 ,, are at x = 0 given by

b

E, = 60*8(01—02)&)597 9)
b

E, = —(01+02)sinb, (10)
€0S

where cosf = w/s, sinf = y/s, with s = \/w? + y2. Inserting into (8) gives

F, = Lb [wz(al —09)? /OO dyﬁ — (01 +09)? /OO dy(yi : (11)

20 oo (Wt y oo (WP y?)?

Looking up the integrals, the first is 7/(2w?), the second 7/(2w). After cancelling some terms, one

arrives at

7b%2Loyoy

EoWw

Remark: It can be checked that the same result is obtained by evaluating the integral (1), as it of course
should be.

Problem 2

(a) 1. To show that E is perpendicular to k, we can e.g. start from Gauss’s law for D, i.e. V- D = py.
Since there is no free charge, py = 0. Also, D = eF in the simple medium (where the value of € is for
the frequency w under consideration). This gives V - (eE) = 0, which implies V- E = 0. This also holds
for the complex version of the electric field, i.e. we have

V-E=0. (13)

2A “fine point”: This 1/R decay is for o1 4+ o2 # 0. For the special case o1 4+ o2 = 0, the 1/R decays from the two
cylinders will cancel, so the actual decay will be even faster (this is reminiscent of what happens if the monopole term for
a localized charge distribution vanishes; note that our charge distribution extends to infinity and is thus not localized).



Evaluating the LHS of (13) for the plane wave gives (using Einstein’s summation convention)
0;Ej = By ;j0;'F 798 = Fy skt — ik B (14)
Setting this equal to the RHS of (13) then gives
k-E=0, (15)
ie. Eis perpendicular to k.

To show that B is perpendicular to k, we can e.g. start from Gauss’s law for B, i.e. V- B = 0, which
also holds for the complex version of the magnetic field, i.e.

V-B=0. (16)

The evaluation of the LHS of (16) is done in exactly the same way as for the LHS of (13). Thus it
immediately follows that also B is perpendicular to k.

To show (ET4), we start from Faraday’s law as applied to the complex versions of the fields:

_ 9B

E=-"". 1
V x 5 (17)

Now consider the £’th component of this equation. Its LHS is (here €gp,,,, is the Levi-Civita symbol)

€tmnOmEn = €tmnEonOme’ * " = €n B nikime’ ™7™ = iepnnkin By = i(k x E)g,  (18)
while its RHS is iwBy. Equating these gives (ET4).

Remarks:
e Note that (ET4) implies the property B 1 k. This is therefore an alternative proof of this property.

e Similarly, an alternative proof of the property E L k could be given as follows: Start from the
Maxwell equation V x H = j; + 0D /0t, with j; =0, D = ¢E and H = B/u. Applying this to
the complex versions of the fields, and working out the derivatives in the same way as for Faraday’s
law above, one finds that Eis proportional to k x B, from which the desired property follows.

e In the calculations above, I worked out the divergences and curls in terms of the vector components
involved. Alternatively, one can work out these quantities using the vector identities (5) and (7),
respectively, in the general formula set.

2. (Being very elementary and not requiring any course-specific knowledge, this question was given a
very low weight. It was included to help put you on the right track for the next question.)

_ 1 k. . 1. .

B = Z(kxE)=—FE;!®m Y (cosf 2 +sinf &) x § = ~Ege’®""D(—cos & + sin 6 2). (19)
w w v

(b) Some general remarks: (i) By = E; + Eg, E5 = Ep, and ditto for B. (ii) In this system, the com-
ponent perpendicular (L) to the interface is the z component, and the part parallel (]|) to the interface

is spanned by the x and y components.

Each boundary condition (BC) can be applied to the complex version of the fields. We will first consider
the two boundary conditions (BC’s) involving the electric field. We note that the electric field of all
three waves (I, R, T) points along the y axis.

The BC €Fj- = e3 3 becomes € Ef = ey 5. Thus since E* = 0 for all three waves, this BC reduces to
0 = 0 and is therefore trivially satisfied, giving no information about how the three waves are related.



The BC E~'l| = EQ simplifies to EY = EY. Using the given fact that the exp(...) factors are identical for
all three waves at the interface, this further simplifies to

Eor + Eor = Eor. (20)

Next we consider the magnetic field. First, from the figure in the exam text one can see that

ki = kr(cosfr 2 +sinf; &), (21)
kr = kgr(—cosfr 2+sinfg x), (22)
kr = kp(cosfOr z +sinfr &), (23)

where k,, = |ky| > 0. Using (ET4) and adapting (19) (beware the sign change resulting from the negative
z component of kr) gives

. 1~ .
By = = —FEye!Frr=e(_cosf; & +sinf; 2), (24)
U1
~ 1 -~ . N . X
Br = = —Eype!*rmwr (cosfp & + sinfp 2), (25)
U1
- I o ikrr—wrt) P 5
Br = = —Eypeitkr T (—cosOr & + sinfrp 2). (26)
U2

Now we can use these expressions to consider the two BC’s for the magnetic field. The BC B = Bg-
becomes B = Bj. (Although this BC will not result in additional information (cf. the remark in the
exam text), I consider it here for completeness.) Using that the exp-factors are identical for all three
waves at the interface, this BC simplifies to

1 - . 1 -
— (Eossin; + Eggrsinfr) = — Eorsinfp. (27)
(% V2

Using 0 = 07, n1sinf; = nysinfp and vy /vs = na/ny, this expression simplifies to (20).

Finally, the BC B'l‘ = Bg simplifies to B = Bf Again using the identity of the exp-factors, this further

simplifies to
1 ~ - 1 -
f(—E()[ cos +EORCOS(9R> = ——FEyrcosOr. (28)
U1 V2

Using 0 = 07, v1/va = ny/nq, and the definitions of « and 3, this gives
Eor — Eor = aBEqr. (29)

(c) Adding and subtracting (20) and (29) gives the two equations 2Eo; = (1 + aB)Eyp and 2Egg =
(1 — af)Eyr, and dividing the former equation by the latter gives
Eyr  1—ap
Eoy 1+af’

(30)

We see that the reflected wave would vanish if the ratio on the RHS were to vanish. Furthermore, writing
Eor = |Eor|e?" and Egr = |Egg|e?®, the LHS becomes

|E~OR|eZ‘(6ths])’ (31)
| Eor|

so the phase difference i — 07 (defined up to an integer multiple of 27) is also determined by the ratio
on the RHS of (30).

We must therefore consider the product «f which determines this ratio. We are given that n; and
ng are both real and > 1, with ny < ng. It follows that 8 = ng/ny is real and > 1. Furthermore,
sinfr = (n1/n2)sinf; < (n1/ng) -1 < 1 so fr can interpreted as a conventional physical angle for all
0r. Moreover, 6 will lie between 0 and 67 ax = arcsin(ng/ng) < 7/2, so cosfr is a positive number



(equal to cosfr = /1 — sin® Or), and thus o = cos 07/ cos 0y is real and positive. Thus af is a positive
real number.

It follows that the ratio on the RHS of (30) is always real. Thus the phase difference dp — d; can only
take the values 0 (this happens if the ratio is positive) or m (this happens if the ratio is negative), corre-
sponding to the reflected and incident waves being “in phase” and “out of phase”, respectively. (If the
ratio is 0, the reflected wave vanishes, so the phase difference is not defined then.)

Furthermore, since the denominator 1 + af is always positive, the sign of the ratio is the same as the
sign of the numerator 1 — a3, and the ratio would vanish if and only if the numerator vanishes. Thus
we arrive at the following scenario:

o if af > 1, the phase difference is 7

e if o =1, the reflected wave vanishes

e if af < 1, the phase difference is 0.
We have

cos@T@ B V1 —sin? 07 no B \/1_ (n%/n%)sirﬁ@[@ B B2 —sin® 0; (32)

cosfy ny \/1—sin2917717 V1—sin20;, m | 1-—sin?6;

Consider the ratio under the square root. Since 5 > 1, the numerator is greater than the denominator,
so the ratio is greater than 1, so the square root is greater than 1. Hence a8 > 1 for all §;. Therefore
the phase difference is 7 for all ;, and the reflected wave never vanishes.

af =

Remark: The angle(s) 65 for which the reflected wave vanishes are referred to as Brewster’s angles. Thus
there are no Brewster angles in the setup considered here, for which the electric field is perpendicular to
the plane of incidence.

Problem 3

(a) 1. The charge on the upper sphere is ¢(t), and the charge on the lower sphere is —g(t). Also, there
is no net charge anywhere else (in particular, the wire is electrically neutral). Thus

plr,t) = a6 (r — dz/2) — 6©) (r +d2/2)] = @(1)6(2)3(y)[6(z — d/2) = (= + d/2)],  (33)
where § is Dirac’s delta function and §(3) its 3-dimensional generalization.
2. From (33) it follows that

05 _ di(t)

%= dl 3(z)o(y)[0(z — d/2) — §(z + d/2)]. (34)

From (ET18) it follows that

Vi = M09 s saswed - ) = syt Loz )
=—sgn(z)d(d/2—|z|)
_ _d%%(m)a(y)[a(z —d/2) — 8(z + d/2)]. (35)

(Here a derivation of, or at least a motivation for, the expression for the z-derivative of ©(d/2 — |z])
should also be provided; this can be done in many different ways.) One sees that 9p/0t = —V - j, i.e.

op -
5 tVi=0. (36)



This is the so-called continuity equation. That it holds is not some kind of special property of the system
under consideration; quite the contrary, it is true for any system, being an expression of (local) conser-
vation of electric charge.

Remark: When writing down the expression for j(t), we treated the metal spheres as points. This is
also an essential assumption underlying the expression (ET18) for j. That this assumption affects both
p and 7 is not surprising in light of the continuity equation relating these quantities.

(b) Using the standard Lorenz gauge expression Eq. (ET24) in the formula set, we have

Virt) = — / g3yt P tret) (37)

dreg |r —r']

where tye =t — |r — 7’| /c is the retarded time. Inserting (33) gives

~ / / ’r_ _ /
Vi) = o [ oy WS —df2) 12 4 2] 58)
dreg |r — 7|
Carrying out the integral (which is simple due to the Dirac delta functions) gives
- 1 [qt—1|r—dz/2|/c) qt—|r+dz/2|/c)
V(r,t) = _
) = ey [ v — dz/2] r +dz/2] (39)
Here o A
Gt —|r T dz/2|/c) = qo exp[—iw(t — |r T d2/2|/c)] = qoe~“teikIrFdz/2l, (40)

Thus |r F dZ/2| appears both in the exponent and in the denominator. We have

2

lrTdz/2| = /(rTd2/2) - (r Td2/2)=\/r2Fr -2d+d*/4= r\/l Fre 2% + (i) : (41)
Since d < 1, we try to expand the square root in the small parameter d/r. The most naive approximation
one might try is to only use the zeroth order term, which corresponds to replacing |r F d2/2| by 7.
However, making this replacement both in the exponent and in the denominator causes the two terms
in (39) to cancel each other, leaving V = 0, while we would expect that V would have to decay like 1/r
in order to contribute to the radiation fields. Thus we must try a less naive approximation. We try a
first-order expansion in d/r as the simplest next approximation. Using (1+u)™ &~ 14+ nu for u < 1 gives

1

|rqid2/2|%r(1q:2f-2f) :riligcosﬁ, (42)

where we used 7 - 2 = cos 6. Using this first-order expansion in the exponent, while keeping the simplest,
zeroth-order expansion in the denominator, gives

5 6i(kr7wt)

1 . 1 . - . ] kd
V(T‘,t) ~ T qoefzwt . - . glikr [67116((1/2) cos __ ik(d/2)cos 0} = —2:]20 sin <2 cos 0) — (43)

(Including the first-order term also in the expansion of the denominator would give corrections to V that
decay like 1/72, which would not contribute to radiation.)

Remark: It can be checked that the same approximation scheme as used here can also be used to derive
Eq. (ET19) for A(r,t).

(c) We use B = V x A. To calculate the curl, it is most convenient to make use of the general expression
for the curl in a particular coordinate system. We see that A involves the coordinates r and 6 associated
with the spherical coordinate system, as well as the unit vector 2 associated with the cylindrical coordi-
nate system. It will be seen that using spherical coordinates gives the simplest calculation, so I consider
that before cylindrical coordinates. (The general expressions for the curl in spherical and cylindrical



coordinates are given in the general formula set.)

Spherical coordinates. In the general formula set we see that 2 = cos 7 —sin 6 6. Inserting this into
Eq. (ET19) gives an expression for A involving only spherical coordinates. We get

A=A7+ Agh + Ay (44)
where
A, = _olo Gy (kd cos 9) explikr - wt)) Wt)), (45)
2m 2 r
Ay = YDORO 41 9 sim (kd cos 9) w, (46)
2 2 r
A, = 0. (47)

Taking into account the form of these components (note that neither A, nor Ay depend on ¢), many
terms in the general expression for the curl in spherical coordinates vanish, leaving

o - OA,

E(TAe) ~ 0

. (48)

- 1
VxA=-
T

One sees that the second term, which involves the factor A, /00, decays like 1/r? and will thus not
contribute to radiation. This leaves the contribution from the first term, giving

Brad(r,t) = _Ckgio,uo tan @ sin (];d cos 9) wé) (49)

s r

Cylindrical coordinates. Using that A, = fl¢ = 0, the general expression for the curl in cylindrical
coordinates simplifies to B B

- 10A, 04, »
VxA=- $ . 50
s 0¢ Js ¢ (50)
Beware that the partial derivatives here should be evaluated with the other cylindrical coordinates held
constant, while our expression for A, instead depends on the spherical coordinates 7 and 6. One approach

would be to first express A, in cylindrical coordinates by using the expressions for spherical coordinates
in terms of cylindrical coordinates:

r o= \/s2+ 22 (51)

cos) = 7%, (52)
¢ = ¢ (53)

(Here I chose to use cos@ instead of 6, as this will simplify some calculations.) However, this approach
might give quite nasty expressions. Instead, we can express the partial derivatives as

0A, A, Or| 0A, dcosf| OA,

= =7 — 4
90 96 lo: = 90 lez0r los T 06 lez0coslrs (54)
0A., _ 0A.  _or| 0A, 86089‘ 0A, (55)
ds — Os lg:  Oslez Or loe 0s l¢,20c080|r¢

The expression in (54) vanishes because neither r nor 6 depend on ¢ (this can be seen from (51) and
(52); more simply it follows from the fact that ¢ is also a spherical coordinate and thus independent of
r and 6). To work out the expression in (55) we use (51)-(52) to find

or s 7 sin 0
- = — — Qi 9 56
85 ¢,z \/32 + 22 r s, ( )
Odcos B 9 | ov—3/2 B sz _rsinfrcosf  sinfcosd
s o= 2(s7+2%)75(=1/2) - 25 = — S+ 2952 3 D (57)




Note that dcosf/ds|s.. is proportional to 1/r. As also dA,/dcosb|, s can be seen to decay like 1/,
their product will decay like 1/r? and thus not contribute to radiation. Finally,

A, _ ckqopo sin (% cos0) exp(i(kr — wt)) (58)
or lee  om cos 0 r

which was obtained by differentiating exp(i(kr — wt)) (another contribution, o< 1/r2, follows by differen-
tiating 1 /~r and is therefore neglected as it doesn’t contribute to radiation). This leads to the expression
(49) for Biyaq.

We see that the radiation fields Eyaq(r,t) and Byaq(r,t) are outgoing spherical waves of frequency w, in
phase, with perpendicular directions, and magnitudes related by

|Brad‘ _ CHo
|Erad| 1/60

1
= Chogo = — (59)

(where we used egug = 1/c?). These properties are all as expected.

(d) As each field contributes the same angular factor tan sin((kd/2) cos), the angular dependence of
the radiation pattern of the Poynting vector S (proportional to E x B) becomes

tan® 6 sin’ (I;d cos 9) . (60)

We see that the radiation pattern is independent of ¢, which is easy to understand from the symmetry
of the system.

For kd < 1, we can use sinv ~ v for v < 1 to approximate sin((kd/2)cos®) ~ (kd/2)cos6, so the
angular dependence of the radiation pattern simplifies to

tan? 6 cos? = sin? 6. (61)

The radiation is thus maximal for § = 7/2 and minimal (vanishes) for = 0 and 7. When plotted as a
function of # and ¢ the pattern takes a donut shape.

We are familiar with this donut pattern from our investigation in the lectures of the radiation from an
electric dipole. There we considered the limit of a point dipole from the outset, while in this problem
we only took this limit at the end (kd < 1 being equivalent to d < ¢/w). It is therefore no surprise that
we recover the same radiation pattern.



