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Problem 1.      Motion of a particle confined to a surface (35%) 

  

 

            A)                                                               B) 

  

Fig 1.  A) Particle confined on the surface of a cylinder    B) Particle confined on the surface of a 

cone of angle 2𝛼.  The particle is subject to a uniform gravitational field 𝑔⃗ = −𝑔𝑒𝑧.   The 

particle is sliding on the surface without any friction, and remains on the surface at all times. 

 

 

    We shall first consider the motion of a point particle of mass m on the inside surface of a 

vertical cylinder with radius 𝑟, see Fig 1.A).  The initial velocity of the particle is large enough to 

keep it at all times in contact with the cylindrical surface. The particle slides downwards due to 

the gravitational field.      

 

1a)  Use cylindrical coordinates to describe the motion of the particle on the cylindrical surface, 

and write down the Lagrangian for the particle. 

1b) Find the equations of motion and identify conservation laws.    

1c) At time 𝑡 = 0  the velocity in the z-direction is zero. Find the solution for the trajectory of the 

particle as a function of time. Make a simple sketch of the motion of the particle on the cylinder 

surface. 

 

We now consider a similar situation, only this time the particle is confined on the surface of a 

cone with half-angle 𝛼, see Fig 2.B). 

 

1d) Write down the Lagrangian for the motion of the particle on the cone. You may use spherical 

coordinates, where 𝑟 = 0  corresponds to the tip of the cone.  

1e) Find the equations of motion and identify conservation laws. 

1f)  Show that there exist a solution of the equations of motion where the particle is moving in a 

circle without falling (horizontal movement). Determine the frequency 𝜔 of the circular motion 

as function of the radius 𝑅 of this circle, the cone half-angle 𝛼, and the gravitational acceleration 

𝑔. 

1g) Find the equation of motion for a particle that is perturbed slightly from this circular motion 

(small deviations from the circular motion).  Show that the perturbation has an oscillatory motion 

and find the expression for its oscillation frequency Ω . Show that 𝜔 =  Ω  for a specific angle 𝛼. 

 

 



Problem 2.      Particle in a central force potential        (30%) 

  

A particle of mass m is subject to an attractive central force potential: 

𝑉 = −
𝑘

𝑟4
 

 

2a) Show that the angular momentum of the particle is conserved and explain why this implies 

that the motion of the particle occurs in a plane.  

2b) Use polar coordinates (𝑟 and 𝜙) and find the Lagrangian for the particle. Determine all 

conservation laws. 

2c) Use conservation laws to transform the central force problem into a one-dimensional 

problem of a particle in an effective one-dimensional potential 𝑉eff   

2d) Draw a plot of the effective potential as a function of the distance r.  

2e) Give the general condition for a circular orbit (r = constant). Express the radius of the orbit 

as a function of the constant k, mass m, and conserved quantities. 

2f) Are these circular orbits stable or unstable? Explain your answer. 

 

 

Problem 3.   Cone rolling on a plane               (25%) 

 

 
A)                                                                    B) 

 

Fig 2. A)  A solid cone rolls without slipping on  a flat horizontal plane (xy-plane). The 

momentary line of contact with the plane is OA.  The angle between the x-axis and the line OA is 

𝜑.   The rolling induces rotation of the cone around the principal symmetry axis of the cone (𝑥3-

axis in the figure).  

 B)  Dimensions of the cone:  height (H),    radius (R) and cone half-angle (𝛼).   Notice that these  

are related by:   
𝑅

𝐻
= tan (𝛼) 

 

 

 

 



 

We shall consider the motion of a solid cone that is rolling on surface (xy plane) without 

slipping, see Fig. 2. 

 

3a)  The center of mass of the cone is situated on the symmetry axis 𝑥3,  at a distance ℓ from the 

origin O.  Calculate the velocity of the center of mass,𝑉cm, as a function of ℓ, 𝛼 and  𝜑̇.  Here  𝜑̇ 

is the time derivative of 𝜑. 

 

3b)  Explain why the angular velocity vector 𝜔⃗⃗⃗  of the rolling cone is directed along the line OA. 

       Show that |𝜔⃗⃗⃗| =
cos (𝛼)

sin (𝛼)
𝜑̇ 

 

3c)  Find the components of 𝜔⃗⃗⃗ along the principal axes (symmetry axes) of the cone. 

 

3d) The principal moment of inertia of the cone (for rotation around the point O) is: 

 𝐼1 = 𝐼2 =
3

20
𝑚(𝑅2 + 4𝐻2)  and  𝐼3 =

3

10
𝑚𝑅2 ,  where 𝑚 is the mass of the cone. Calculate the 

kinetic energy of the cone as a function of 𝑚, H, 𝛼  and  𝜑̇. 

 

 

Problem 4.        Light from a fluorescent tube     (10%) 
 

  

A fluorescent tube lamp is stationary in a reference frame S.  The tube is arranged such that it 

lights up simultaneously (in S) along its entire length 𝐿0 at the time 𝑡 = 0   

 

Consider an observer in a reference system S’ moving with a velocity v parallel to the orientation 

of the tube.   

    Suppose the tube lies along the z axis, at rest in the reference frame S, with one end at 𝑧 = 0, 

and the other at 𝑧 = 𝐿0.   

 

4a)  We now consider two space time events in S: the lighting up of the tube in position 𝑧 at time 

an 𝑡,   and in position  𝑧 + Δ𝑧 also at time 𝑡. 

     Use the Lorentz transformation to calculate the space-time coordinates of these two events in 

the S’ frame (  𝑧′ at time  𝑡′ )  ,   ( 𝑧′ + Δ𝑧′ at time   𝑡′ + Δ𝑡′).      
 

4b) For the observer in S’ the light does not appear to turn on simultaneously along the tube.  

Show that for the observer in S’ the lighting up of the tube propagates with an apparent velocity: 

                                          |𝑢| =  
𝑐2

𝑣
     

 

 

 

 

 

 

 

 

 

 



 

Supplementary information 

----------------------------------------------------------------------------------------------------------------- 

Cylindrical coordinates: 

𝑥 = 𝑟 cos (𝜙) 

𝑦 = 𝑟 sin (𝜙) 

𝑧 = 𝑧 
                                                    

 

𝑟 = 𝑥𝑒𝑥 + 𝑦𝑒𝑦 + 𝑧𝑒𝑧 

 

𝑟 = 𝑟𝑒𝑟 + 𝑧𝑒𝑧 
 

Spherical coordinates: 
𝑥 = 𝑟 cos (𝜙)sin (𝜃) 

𝑦 = 𝑟 sin (𝜙)sin (𝜃) 

𝑧 = 𝑟 cos(𝜃) 

 

𝑟 = 𝑥𝑒𝑥 + 𝑦𝑒𝑦 + 𝑧𝑒𝑧 

 

𝑟 = 𝑟𝑒𝑟 
----------------------------------------------------------------------------------------------------------------- 

Series expansion valid for   |𝑥| ≪ 1:  

 

(1 + 𝑥)𝑎 = 1 + 𝑎 𝑥 + Ο(𝑥2) 
 

----------------------------------------------------------------------------------------------------------------- 

 

Angular momentum of a particle: 

                                                     𝐿⃗⃗ = 𝑟 × 𝑝⃗ 
 

                                                     
𝑑𝐿⃗⃗

𝑑𝑡
= 𝑁⃗⃗⃗ = 𝑟 × 𝐹⃗ 

 

 

 Angular momentum of a rigidy body along principal axes of rotation: 

 

𝐿1 = 𝐼1𝜔1 

𝐿2 = 𝐼2𝜔2 

𝐿3 = 𝐼3𝜔3 
 

Kinetic energy of a rigid body: 

 

𝑇 =
1

2
𝐼1𝜔1

2 +
1

2
𝐼2𝜔2

2 +
1

2
𝐼3𝜔3

2 

 

Where      𝐼1 , 𝐼2 ,  𝐼3  are the principal moment of inertia, and 𝜔1,  𝜔2 ,  𝜔3  are the angular velocity 

components around the principal axes. 

 

 



 

                                         

----------------------------------------------------------------------------------------------------------------- 

Lorentz transforms between a reference system S’ moving with a constant velocity 𝑣 in the z-

direction, with respect to a reference system S:  

 

𝑥′ = 𝑥 

𝑦′ = 𝑦 

𝑧′ = 𝛾(𝑧 − 𝑣𝑡) 

𝑡′ = 𝛾(𝑡 −
𝑣𝑧

𝑐2
) 

𝑥 = 𝑥′ 

𝑦 = 𝑦′ 

𝑧 = 𝛾(𝑧′ + 𝑣𝑡′) 

𝑡 = 𝛾(𝑡′ +
𝑣𝑧′

𝑐2
) 

𝛾 =
1

√1 −
𝑣2

𝑐2

 


