Classical Mechanics TFY4345 - Exam 2015

1.
la)
Particle position:
7 = lcosOE, + Usinbé, (1)
Velocity:
i\
2 _ ar 9
# = (%) 2)
= (24 120 (3)
= 24P (4)
Lagrangian:
1 1 .
L= §mv2 =5m (fz + €2w2) (5)
1b)
Lagrange equation:
doL OL (6)
dt o 0l
which implies: )
(=Wl (7)
The solution is:
(= Ae*' + Be " (8)
With initial conditions £(0) = ¢, and £(0) = 0 the solution is:
1
0t) = 560 (e' + ") = {ycoshwt (9)
lc) Lagrangian:
1 :
L=T-V = 3m <€2 + £2w2) — mglsinwt (10)
Lagrange equation: i}
{ = w?l — gsinwt (11)
1d)
1 9 wt | 1 g —wt g .
g(t) = 5 (go — w) e + 5 (60 + ﬁ) (& + ﬁsmwt (12)
le)

If (6o — 5%) < 0 we must have that ¢(f) — —oo when t — co. Le. when w? < 500 £(t) must
become equal to [ = 0 at some time t.

2.
2a)
Velocity: ‘
v? =3+ ° =77+ r?0? (13)
Lagrangian:
1 . 1
L=T-V=3 <1’“2—|—r292> L (14)
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2b) The Lagrangian does not depend on 6, which gives the conservation law:
oL
— = const. (15)
00

Setting in L gives:

mr?0 = ¢ (16)

where we call the constant ¢ (not to be confused with the length in Problem 1). ¢ is the angular
momentum, similarly to the Kepler problem treated in the lectures and Brevik compendium.
2¢)
1 2 242 Lo
E:§m<r +T9>+§K7’ (17)
Inserting the equation for angular momentum conservation gives:

1, 2 K,

e= §m7’ + 212 + ET’ (18)
Solving for 7 and using the angular momentum law once more gives:
do l
e (19)
2d)
Substituting u = 1/r? gives:
- du (20)
2V2Emu — 2u? — Km
Using the integral given in the problem we find:
1 Em — (?u Em — ug
0 — 6y) = —— arccos | — + —arccos | — 21
( 0) 2 VE2m?2 — f2mK} 2 [ VE2m?2 — PmK (21)
This is equivalent to
Em — (*u
cos (20 +c¢) = 22
( ) VEm? — ?°mK (22)
where ¢ is a constant. which gives
?/(E
2 — /(Em) (23)
14+4/1— éz—fncos(%—i-c)
We may chose 6 = 0 as we like, setting ¢ = 0 correspond to taking r(6 = 0) = r,in.
?/(E
P2 — /(Em) (24)
1+4/1— éé—lfncos(%)
ie.
A = ?/(Em) (25)
2K
B = 1-— 26
o (26)



2¢) Inserting Eq (24) into z%/a® + y*/b* = 1 gives :

A2
2 - 27
© T 148 @)

AQ
2
pum 2
b T B (28)
3.
3a)
L, 0 0 0 Lsin (¢) sin (0)
y| =BCD |0 =BC |0| =B |Lsinf| = |Lcos(y)sin () (29)
L L L Lcosf Lcos (0)
3b)

Inserting the expressions for the angular velocity in the body frame (rotating body) into the equation
of motion gives (components):

Lsintysing = I, _gb sin @ sin ¢ + 6 cos w] (30)
Lcosysing = I, —gb sin 6 cos ) — ésinw} (31)
Lcosf = I3 -gb cosf + 14 (32)

We may rewrite these equations on the following form:

L = I |p+6

) Cf)sﬂ (33)
i sin ¢
[ . sin ¢
L = L|p—10 34
1 (34)
Lcosf = I3 gbcos9+¢] (35)
When I; = I, we may substract the two first equations above, and obtain:
- [cosy  siny
0 =0 36
Linqﬂ +cos¢] (36)
This implies _
=0 (37)
The remaining equations now decouple, and the solution is simple:
L
= — 38
=1 (38)
. 1 1
=L|——— 0
0 ( T [1> oS (39)

An alternative (and accepted) solution is to plug the suggested solution (problem text) into the
equations of motion, and find the constants ¢y, s, c3.

3c)



(wWar,wy ) = (psinfcosth, psinf cosyp) = I£ sin ¢ (sin (4t), cos (¢t)> (40)
1

which is a rotating vector with (constant) angular velocity Q =) = L <% - %) cos 6

3d) The Euler equation free body (no torque):

dL .
(E) Y GxL=0 (41)
body
In the solution above (Eq. 37) 6 = const., which implies that the time derivative in Eq. (41) is:
AL g |Lsin (1) sin (9) L) cos () sin (6)
— = — [ Lcos (¢)sin (0) | = | —Lasin (1) sin (0) (42)
dt dt
body L cos (0) 0

The second term in the Euler equation Eq. (41) is:

wy/ Lzl — (,L)Z/Ly/
WX L= (,L)Z/LI/ — wz/Lzl (43)
Wyt Ly/ — wy/ Lxl

The x’ component of Eq. (43) is
wylLy —waLy, = ¢sin(6)sin ()L cos (0) — (pcos (8) + 1)) Lsin (8) cos (¥) (44)
= —Licos(¢)sin (0) (45)
The y’component:
Wy Ly —wyL. = Lipsin (1) sin (0) (46)
The 7z’ component is zero:
Wy Ly —wy Ly = ¢sin(f)sin (¢) Lsin (6) cos (¢) — ¢sin () cos () Lsin (0) sin (¢)  (47)
= 0 (48)
This shows that the solution found in 3b) satisfies the Euler equation for a free body (as it should).
4.

4a)

We calculate %=

7~ using the Lorenz transform, ie.

du,  dz' +vdt’

e v T 49
it~ dt + 5d7 (49)
which gives
/
Uy = (50)
(1 + %)
u/
u, = LA (51)
.
/
U, = Yz _};/11 (52)
1+ %
(53)



4b)
Let u = u,. We have ' = ¢/n

which gives




