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X; = QS\ X\ T Qi X Az X3

Né‘bb\ S o tion conuention :
L 4

X, | T (ldj X; 3 tELLB (1)
A rotatcon | leaves ©/ = ITI \Luckan%ec‘ :
Ry T2 KRG P OO I, TT=0G K,
= 0 Ry = Oy (2)

L.e., He b constraimts on P- 54.

Whew (2) are sa(—is-f:iecl, (1) s called an
07'&\'10809\02 JC.I‘OL.V\S‘FOY‘M&'RM) omdl (2) £s  the
SY{Z\I\O%GML\B Condc‘,‘h‘,ﬁw.



Tramsformahm WLQ{;v\:x'.
@y QA ag,

/A = Qa( Qg7 @y sl me eQLMwLS o
0"3( a’32 Q33
Ex ¢ TRotation tn 2D
a‘“ a(z
A ~ azi @y, 5 a‘{j’ aék = (S‘;'k

L\l W\.&{'\«'x eLQyngn'tS) ?) mr‘umj, Comclé‘l‘t.‘ons
= 1 LnAePewaev\Jc C»Oorc{dv\a..‘[:e) the rotation ana,l_a P, ok !

?NM 'EMP 'F.‘sure (C.\n.ec|< YourSeLF):

)

9
Xy

1 4
Xy

= QT 0y O5Q 5 Q7 -0y = scn

X, COSP + X, Scngp
—X S + %3 COSP

CoS scn
=) /A\: —SCn;PD coSc?)

Of‘\'\\og. Conc\d'{'ims . ] =

FEPEL R P REC A E R SN B dd X ikt

= s+ s = 1

=) cnsc?soxch-scncecosc\o:O

ok!

-—

[

j: k22 QR T Q22 Q22

J'*k L@y Gy Qz Aoz =

o

Exprcssec\ tn 3D> Y“O‘ta:b)om OJ‘O(U"A T 0X(S!

o5 sdncy 0
/A= (-singp CosQ @)
0 e} L




R WY WOV W W S "

Two Chtﬂr?fetatc:ms o{‘ the "ErwASFOFMQRGM ?'=/‘\T"=

xZ —
r

Passcre Active

Passcse  pount of ulew:

DPera.‘tor A rotates the coord. System, Were
counterclockwise.  \Vectoe ¥ s ]cf—xeds 0
expresses cosmfom_n‘{:s of ¥ retafed coord. Syskm.

Active Pocv\‘t o-F weur !
/A rotates the uector ?, ere clockunse whele

-2r

‘Bl\e LoOr‘Cl. SYSJ-?W‘- s 'FL)(CA. r O:m‘tadns Covvx?onenfs
X and X; &‘F'ter Hie rotatien.

&




4.3 Formal propectes L en ot atsl
(see also MAL201, MAI202, TMAYIIS)

X,
Notation: f = x = <§;>
* Two successcue orthogonal transf. (B -FoUowe& by /A
equals a single ortheg. LarS-F. C =AB:
Xe = by Xi o X' = ag kT auby X T CHX
= G &k ka‘ (remember Sumwmahion @“VQWHM)

* Tn general, AB # BA buk (AB)C = A(BC),
Le. O'Y‘Hr\oa_’*ran,s-{\, ®kre aSSOCLaRLre bu": v\o't Commwtaﬁdtre.

-1 L
* The ctnverse 'Z:rans-(\, ,{4 ) widh wmatwx elements Q.‘l-_j
(NB: 0:,;‘. * 1/(1&4.) | bn,ngs X' back 4o X

-]

..' (4 ny (4 2 - v
X’: = aLJ )(J. => Xk - a-[“: X(.' - Q{‘c Q,.d Kj
< b o ' 2 | 60
> audl - & = AA <1 =(§18)
oo |
-1
C/A /A )ks ﬂ.kd'
Also: X, = Gy = 0 QX = 0% Oy

= A-‘/A ::ﬁ_ = A one /A' Commute

| ~ '
* Tor an G‘r‘l:\nogovm,Q matrx y éa\ 4 /A\ = hansFoseco o]c /A
i - -
'PrOO-Fi Ayp Kyl O.éJ- = Ogp Q’c"j = in (u,sdna Or”noj.
COV\,A-) andl au akd ajl:’ = Q_kx 6‘(5 = CLJ-;_ < LLSCy\g

AR 1), Heno, 0 = Oy = By, oy A /A




Au:ernaj:cve ex’)ressums {-\or or"H'tog. COY\C{C")'GMSI
AA =1 = Oudak-&(_k =‘->Q,JL-QJ-‘<=5.U<

/‘\A a1 A 5~\;k = Qi P Acj Qk\g * Sk

le. may suwm over 1. or 2. index

" Deﬁerménan'ES . Vq [B( = \/A( l[B' (in gznem,Q)

> I/Kll/Al: 1 and sinee \/A! l/Al ( —n—)
we fud A2 =1, ce, [Al=11

* The W‘Hﬂos. ‘[:mv\s{, wmst be realizable 'f':Y o h—'%"—‘i b°a)’:
hence \/L\l =

ArSWW\e.n't: AE \/A{ wmust evolie conHMOus,Qﬂ from
the wut wabax = |A|=14]= +1,

Arawmwfz Q) by o examPLe:
Conscder the ‘Erans{ X' 8K wih

S (o E)l 0‘) = |g]=-
o L
Le. re{'lxzc}xm o{ L 3B oxes, X,’= - X, ek,

.__isi_e Xy
Xy X!
%] '
X
Not ?ossébla to c.lnmnge ccn."gh'l: handed” 3

ngd body cato o “loft handed" one by rotahions omd dranslakion



§
4, The Euler anglas

e need 3 Cvxdepenclenf coords. that specify  the
n‘gt‘d bodly svientation, such that |/Al = +1.
dowmon chotce s the Euler anslzs, which are
3 successive  rotation av\g(zs, A = BC D

. Rbt- CP)O atound 2 &KCS) xyg —> Eyzg’

X 5
| ?'—‘{Db’() x:(%}) f=(§>
‘ CoS qa scn O
. D = (—SCV\CF cosg Q)
i o) o) (

7. Rot. 6>0 oround < axds, ?‘7? — ?"7' SJ

(E-cx, e-(¥)

| o o)
0 cos® snb
O -sinb cosB

3, Ret, ¥ >0 around §| o XS, §"’}'3' T S‘ T

- ' | = xll
x = BE, X (g)

cos¥W sanW O
B ={-secan¥ cos¥Y O
6) o [

1]

»



X = A% = BC Dx

= a, = cos ¢ Cosipl ~|cosB Scn scn @

= cos Y stn@  + cosB Cos sin Y

Az = sth W sen B

= ~sinY cosp -~ cosB sing cos W
Q22 = —sen¥ St cesB cos cos Y

-

Aoz * cosY scn B
Qa; = 3B SC\nCF

Rz = = stnbB oS

1

cos ©

Tavecse 'l:roms{% rotion ¢

=A% = AX

K
Ot | 5110

Fig: Wolfram MathWorld  (EW. Weisstein)

T L T

e e TV L AR WL




ﬂ.% Ivlﬁ{;lnttesima[ rotations @

Tn 8ener®Q, two Fucde rotations A lahd [B 1ds net  commude

Ex.i: C Gnc‘ lD on P 600
Ex2 : Matchbox rotated Q0° around tws orthogonal axes.

But Lnfcn:.:iesgma]: {rﬁnsﬁrma{tons commute :

v
X, =X ¥ € X |5 (&ij+ 5:{;)"3

AR -TIRS 1
On matnx form AP 4K <ﬂ_ * $> X
Two successcve ua-F '(:ramc-F, :

Are)L+e) = 1+g «8
A+g)d+g) - l-ereg,

Toverse Cn-F. -a‘:rans-ﬁ 2

% Commtative !

| AA\.‘ =€ sCnce AAI =(1+e)d-8) = 4
OrthOﬁoha(él’:y :
i\“ﬂ+g=Al = £:=-¢ —'=>§CJ:£J£=—E£j

Ce. & 4s Q,Vv('dsgw\m.dw‘c 3x3 matnx on the {orm

O 403 - A,
A EX-* AN a9,
O\Qz 'dﬂl 0

et et L || e e




v © dlj -di, X
= KT X Ecl)’( = gx = 493 @ dS || X,

aQ, 49 o /\ X3
2 dX; = X, dQ; = x,d40,
C\XZ 11Xy dﬂ' "K(d.gl; =>d?=de_a

dXy = x df2, - x, 4,

d?’?xdﬁ : d})_"‘:;\ld@

<ub
-3
r

NB: il [ 45| ot [The differential
o-f a fincte vector ﬁ; c\-a AS
@ dd-H:eren'l:Cck( gector

-2 -

d}? A i vl r c,\r\axxgq tn Hhe vector proc\ucecl b/
Gn Ln-ﬁyxi»{eSC,maQ (clockusse)  yotatcon of the vector

4.9 Rate of change of a vector

_Dne change clg tn an arbitrary (%eneraLS vee fire
G ¢s wmeasured widh defferedt valaes  ¢n  +the &
coord. srslem —-F:xec!r in e h:gdcl bo&j and  the
exfernal Coorcl. stfemi

@B, F (dal .

_rhe di‘f{t{rer\ce CS\A.L -l—o ro'é:m({ovx O‘F 'H'te bOCly S')/S{Qﬂ\
in the space srslm cs C? x aﬁ, e  We ‘F-::(
Ve 3%_\'_\_ with G e_xa.w\‘;(e.




A cac dnves eas{: 6T wesf on  +he eq_ua%rf

/ Q_)I,= &-Q/d‘f:d""*““’*%?[au
L)-S T WX R = 5FC€A O-F

sz L‘).’E S"OW\C\ measured Cn ﬂF;xecg

—_ = external < stem
Uy w Y
U_E'w =] .S QEd o4+ car cCn
=-‘> — = - — : Ufotai‘[,fj Syfﬁm
U-c = U_E',w T | R

= SPee& o-F Cor Cn c'xterv\al S}’S‘\‘:ﬁm

2 — — —
= G ) oLl T (RGeS
&5 A &C—;’ —

-~ (a8), = (), + &~¢

=9

] 1= &ﬁ / Lt = CﬂS":avx'l:aneouS omguLar ue(ociﬁ

O Pera{wr reL&-HLovx -

<£E>s 3 CC%%)b + 0 %
Ex: R = GS = [}b ¥R e | (as above)

(For & wore —Formo‘.ﬁ cleri\rakov\ oF L\ne
(9Pero;)k0r \rﬁLa_Jri()V\, 920 éw(_dsleu\ or
handwn tten comq)emc@cx.«m . >




’/_L_LQ C’O’VL'OLJS -lﬁstc.o_ andl cew@»{ﬁsa,Q -Fnru

s = approxiwmale cnerkal system  fixed relabve +o

Some near by sto.rs

'O j t | ‘ T .C-:):(onf’é.
555 ewn rb'batw\g WDRA Hne earth @
Asswne common oxes af a gcven cnstant.
5 bl - Ly — -2 —y -2
i = O F U, TTW X
G > (4%
5 U | = AU 4
i <d >s T Ef)b R
&3> (45 d (o 2 B G Xl
(af,,, - ( )b G @A) -3, «dxq
— — —
53’,('\}5-_- wXUZ,D +a}x((3><?
= b 0
= Q’S = &’b + Q(T)" U 1 F (:_?x wx?)

N2 in dhe  cnevkald frame 3 Fl=wal]

—,
cam wour be exPre_SSecl as Fb Tma, with

'y b
T i
L F T A =S
- e Conolcs furcz Cewi-vcfugal_ force
=N A
\\ Teor (Cn) e
'For ' .\"t de Cb“ on vwr-unem'
_ﬁ;n i &Se\mds‘il:re 4 \,q{i-t deflockion
s southern \muvu:sF ere
G
b A‘FFGC{" wind direchion

@ frz (oud)

or T PI
I :i = csobars




6, et bo& o ?—MDJZQLL_
M\Q_&&Q)r momendum and ,!.Cne-(-fg evergy

(g nigcd (bed ¢ fe
Rota 3"‘3‘A g @ W, =W, = o

Assume rotation around a frxed Poant = lovigo | = CM.

Tota.,Q W%N-LU WVSWM\A (a/rmm.& dha -F.xe& G’\n.%t,n)
L = VY\ (r X U-) [Su.m Cowu‘ﬁu‘l\m]

RKotation ovshj = \.)—'?‘_ = L_:) X F @J‘kus, uSu_cjj

—

-

= L~mr1 x(wxr)_m [Z;r.z-r @)

: d GYV\Q)(MEV\"‘S o{:

[

Lx ™M [wx r[,l TR (XC W, + Y, wg + 25(02)]

W\L[ W, (=% = LRSS P Y Xale—]

)

OVI ur\e S,anra,sz -Fyrm <WL~W\ 5 amc\ "Q G\QM’(’Cv\j Qemrohew('s)

= 3 T = ownent nerk kuSor
L& 5l 1 WL Lo (mowmen o{) tnertia

Sl et 1T E TR L7 PR | | ek,

Qeibinignd imast Reshibutian|=| W7 dwm=@dV 4 N i

= ATk 9<?><r1-;<2)av, T, = = {g®wdv
dm‘md: g ?( ) (r Sk =4 X, x|)d\/ [xyz B, X, X{)

=

L=I<I3




P—— A 3 } } Y \ ) \ Soade

C(,Qar% L s g e'l’u_‘_c, Icil<:£kj ) with 071/3

L@i J.emew('s, if') T & eemitean (or se({'—adjaﬂnt)
f. QM ) Then T con dways  be deagonalized
de,, the bocly set O'F Coords, can be transformed
)
m-l»o 0. coord. Sys{em where T £Ss &iaa,m\aﬂ:

. ieHE o ME

17 oI, O T grinccga& moment Cneri'zla \\enSor
0 0 I OF

X\, Xz, X3 7 princcpal axes

LJ T IJ— COJ~ = amauiar wiomentum WFC“Q-W"S (J':l/l:?)

(No Sum, . L)

l:?)('- Sbmmefl\mcag *:QP (s\r\urre_bass> : 1|= 12 * Ig
-
Sphewcal #op @ L=L =T, =1 = T=Tw

7 Kine;kc eﬂerg% -i:or ro’ta*cm O/fown& -F\er& Po&n‘(:.'-

__L 2. ___L |-,.—> :-Lm.;_. (_Jx;:’
TQQ.ML\SL e Q‘mt. U«: U:', 2 (% ¢ ( 4)
:":J,\"m‘:(:g . (sz C;L) [C\neck\émrul-{:]

—2 (| Lol 2 0 :
=R T T G L o0 R

If retakcon around axis nl, | e, (LT on

| I A
T -%:a)n& Lo == (Y\é:[jkwk @ ==zlw

<«
P ,
: —aTow = IR = wowe! inerks avound
wirh T " Iék % vot. bﬁxcs
T cowrd, syslem  with gronccpall axes X,z X3t

"_'Jn h '2,
EASBEMERY




55 Eulr equations of wokion

a
—r =

From p-H° T = Ls (measured i g (nertial Frame)

Measurecl (n  the rotai‘cng sys{:cm (p.(pq; droP cndex b):

—

I R ”
T = (L HaxE (Euler equs. with one povet fixed)

Assume bOdy oxes QLOV\S the ?n:nQCFaL axes such Vhat

<«

T |As dc:agtmo,,Q and Lé = Iiwd" Then :

. = L + Edjk COJ Lk : £sl2,8

Ex?\icd: :

T 17 % I (*.)1 220 (I.-T5)
3 Iz 0.‘.)2 T G G_)‘ <I3"I[>
= -IZ C:)_,, - B <I, "Iz\)

T
(o

5.0 Tree ro‘fa{:com, "Precesscon

Assume ©=0 ond 53\mme+vx‘<;aﬂ body with =T, = AN

=T = oy (I=Ts)
T, = W ws (Ta-T)
TEAMEINS
= @3: COVISt (delervw.lne& ‘oy Cvulk&Q C.owd(*('lbns>
e X3k
= w = L&, AP S TR i
= (r)‘ + _Q:L o F O (aﬁer e\danad'Cmg 602>

S ud=AwOt | ©0,#= A it




| — 1

= 5) Fr*ecesses @round’ the lood), X3 axds
Wit g) w\gukar 'Fve?uencx LY I, ™ consi:anf w=Joll:

With [ RO bl [T dnll| [Y dre coserved:

==k 2
T =LA + 3L 0 5 AT L) and
L= A Tl [ e ()

Rotaﬁing <5PUIhLV133 ?Laue'éj'- Clhandler W'OEH.Q)
I3 —I| <K Il = L <L Cl.)3

Earth: 2w/w, = 4 ley o| [2x/€2 = [433 days
Mars »  2w/w; = {1 day qomen; an/sz = 20% days
C As. KonoPLCLr et al, Geoplr\yscCol Research Lefters, Oct.2020 ]

S.F __%bv_imefnfga»é Aop with omé__;zggnf_ih'ﬁg&

%':X;
22X The top spins acound the X3 :
axts (a« PﬂlncéFoJ_ axts) uith [
b tHhe owcgcn [N ‘Fu:xecl Pot‘.nt.
© External ‘)‘:or‘a_qe aroand ongin:

= Y= Ky
i < 2= R« Mg
’ 7
| / 1 . d ¢tn 'Hne e
X s Y- Xy | faxe P } i;
/_’/ C-Iflipllr

. qJ X = Xy xj' ‘F—xe& w space
nodegkne | = —§ = -—g )2; 3 R = Q,Z — Q"K3
(2 =tRI)
Symme-\—ry = 0y T L7 I -
Kinedec ene ‘:53 73 11'. (A = ‘I—,ZI( (&)‘L-H;o;_) A J:Z 13 604




ipmlnt 101-"’036‘ = B CndePendenf degrezs o[-ﬁ'eedm @

Wl use dhe Euler aug(zs P, 6, W to construct the
(Aaﬁr(mgwtn L =T=V = Teed W; <_9-C : é_é)’ chl
expresséons  for the components of @3 along the bedy
xxes Xj (J - ['ZIZ)- We ﬁrav\sform from Space to body
lgy con§cdenln3 6—3' as 3 successcye ro"f:a:ﬁ:cms wfin

aMZ,./.[ar velocctes a)?' = Cf’) w;:é PRE, w:y = @

—y e Ay (@) Ly ! L]

w?ch;x3 ——’»(%> = w? :'ACL)? =$(E'[DCO?

WCH/\ //"\ ‘F\"OM P &l

(CO(P)‘ = q;) «n B SCYL(-[}) (CUCP)I = C.PSCY\BCOS('P| (w‘?)f ({3 s O
v s & é L 1IN}

b (o) - R

Webe B from p. 60:

(W) Boos®, (Wg,= = B senty, (W), = O

W @ @
(We),= 0, (W), =0, (Wyh= ¥

—e A ®) — ey
W '_"'LPX3 ﬁ(q) W, Bl
$

We add wanusiions ‘Eo each componevcb (;JJ- L

W, = (W), * (We), * W) = §5n8sml + Beos
PR C'Psmec»sqf - B sen

0y = cP ws® + Y

o - 2'

e 3 " 1
> T =45 (925020 + 61 + 3T (geos®+ )

'Pﬂr.euergy + V= Mgl cos®  [V=0 on xYy plane ]

]
e
i
|

T T



T —
Lagra_mg(.an'- = =N _ = L(e) (?)é) \:})) @
= P W  cydic coords, = Pe » Py conserved :
] o e
P'-l’= 29 :‘Ig(q’+cpc,ose)=lw EIIQ. | These
,a (I defiar
P‘P = S 6 +I3 cos e)(P 4 I3 LPCoSe = Il b a and b
Co“serual\‘ue SYSJQM s ev\zrg& is conserved
E T+V = RI](Q +'CF$ 6)*11'30.)3 +M8Q@Se
Cons
From Py : I3LP = IIG ™ I-sq? cos B
Tnsert this o expression  for Pe
L@ sin” O+ Ija cosB® = I b EI—S terms cancel]
<l b-alcosB . T/a b-acesB
L A =0y YIS TR T hgel 05O
’ i o - 3
SRR Bt T 20 e <‘°S;:°ge> + Mgl cos©

A one-dimensconal Problzm in Ye vavable B  with
oo e%eckue ?o{ewk'ouq

V'(©) = Mgleos® ¥ it ( 77 )

The substhubions Ww=sB, «=2E/T, and P=2Mgt/T,
and.  sowme alge,bm yCeLAS the eauah‘.on o-F wation

= pd - (erd)uw + (Rab-Plu + («-p) = §(0) >0

Solubion of G* = £(W) yeelds OF), the vutatiom
of the X3 oaxis relakive Yo the werficall gpace
axcs| X5 [ WNext] 0®) deterwunes th‘:), -Huz_g_gss;_m
‘4 Xy  Ortund X;, and, qj& the Spianing around Xz .




L §w) @

Solutisns of }(U»)'—' )

= TN $ /ﬁ,u. corresPonds to w =0
/. N s or 6 = -/snb = 0, ce.

values of B urhere S
Chanﬁes s,

)

S —

N == (b7l <0

§(1‘ &)= o } a.Lw'aﬂs e selufron Uy> |

whech ¢ wnot physccal

ACCeP{:o.qu volues of w=cosb : U < w < u,

. b-acws® _ b-au
’Precassdov\ : CP = scn= © - [ H4d®

U“SU'ng q.J >> C??,)CW (o} Sfdn,ndns 'top.
MO”S houre wutatcon , 5,< 08< 65, uwuth cP = 0 oiways,
q) >0 (cmsPs) or CP z O Cﬁoops‘) :

cusps ,Qoop 5

(RQSKL(,OJ‘ Freussasn: 9('5 = 60 = coust.

’"'>§(LL)=O j:o,,. u=u‘=uz=u°=ws6

o

S
)T% PN $=0 and df/du = O

e c\eePer o.v\alajs«:s G'F TCSUla‘” P"’C')




Oscllations @

NARREL

APP(Ccaéc'onS :
\Vcbratcons O W'O(“Cules, solcds ond mechanccal systms
OS(,C da:‘:dm«s n QOUP(AC, elgc-/'n'ca[ C(:r'CbLL'tS

Acoustces

Bh:cf review che 1D harmoncc ossccllator :

(% V& =Ltk
Curvature & = 83V/9x"

N 1 F =wmx | uith F =-2V/0x = -kx

Y O

=S mx + hx =0 2 X(Jc) = ‘Re /-\e_wﬁf )

We UMCQ %eweratcze the sowxpLe hawvw bsc | [to|ad | |
Sgstewx o-F CouP(,Qc\ \ﬂarm osc, ASSume a cou_seruuk(,—e
%sl&m woth v AN - KR deSrecs of -Fre,cdm (C.e. N

Po.r{-cc(,as amc( \(.z \notov\owu?c cons‘erCn{:s?), W‘Iﬂcr'e. we

\ﬂmre '&ra.V\S-Fonu_cQ 'FroM F} (j = 11“) N> - 'Eb %mm(fzed
,W&QPQV\&V){' COOrd.S. ?-6 ((j:: i, ‘\5 Vl-}v. . |

,EQwC(LBnJuM u.rl/len ald %nerdézea -ﬁ"szS are _Zero,
= —(3v /fag) |
Egmhbnu,m m'{juﬂurakm ‘%o; LCE )



T e T N SIS -

@

Stablz e?m‘ﬁ:bn;MM :

V (q.
(?‘) Q‘: Smaﬂ Cedsfu,fba,hcz 'ﬁ"d'm
£ tdE w3 e?“i&-'bn)um =
4 A
: o Small osccllation around

RICONERETEES Y
7. 15 deviatisn -ﬁ-om eg. = new generah‘zeq’ coords,

FSdm chviv. ¥ J

otV
0272 ,‘)ﬂi ’LJ‘ ut

Taylor expanscon °]£ V' around eg. :
V(£93) = v(i3) + (Bg) 0 ++

Eq. condchion : (9\//(5_?_5)0 = 0
Free chocce of V=0, | eg., \/({g“;) =0

RS- SN NN WK &
BTN TT AR @?CQQJ-ZQi = T Ve e

_ with symmetic matnx W 1d.d, vd;;' =1V d

KLV\Z"’LC enzr%% T As guaoermﬁh’ cn ‘VBLO,‘CC{L'GS) !
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