TFY4345 Classical Mechanics. Department of Physics, NTNU.

SOLUTION ASSIGNMENT 6

Question 1

The total energy is (see lecture notes)
1

E = 3™ (7'“2 + (7‘9)2> + V(r).

In a central potential, mr20 = { is a conserved quantity, so we get

I 2 1.
E= 5mr2 + <2mr2 + V(r)) = imrz + Ve (7).

This is an effective 1D problem, with an effective potential

62

2mr2

%ﬁ‘(r) = V(’I”) +

For the particle to reach the center, it must have sufficiently high energy to overcome the potential barrier,
i.e. E > Veg(r — 0). This can be written as

62
Er? >r*V(r)+ —, r—0.
2m
The L.h.s. goes to zero, so that the condition becomes

(7“2V(7“)) 0 < —ﬁ.
" 2m

This can be fulfilled with the potential —k/r?, with k > ¢2/2m, or with V(r) = —A/r", with n > 2 and A
a positive constant.

Question 2

Figure 1: Hard sphere scattering, geometry.

a) The scattering angle 6 satisfies 20 + 6§ = w. From the figure, we see that the impact parameter is given
by s = asin(n/2 — 0/2) = acos(0/2), so that
a . (0)
= —sin| =
2 2

1

ds
do




Using the formula for the differential cross section (see lecture notes) we get

_a?cos(0/2)sin(0/2)  a®

ds

do

sin(6)

T2 sin(6) 4

o(0) =

b) The total cross section is therefore
o= 27r/ o(8) sin(0)df = ma®.
0

This is physically sensible, since it is the actual cross-sectional area of the sphere.

Question 3

Vo

Smax a

Figure 2: Gracing an attractive hard sphere.

The impact parameter spmax will send the particle just gracing the surface at » = a. Due to conservation of
energy, we have
1 1 k
E=-mvd = —mv? — =,
277072 a
Furthermore, conservation of angular momentum means that ¢ infinitely far away is the same as when the
particle touches the surface, so

{ = muoSmax = Mua.

Combining these two equations, we have

v 2k
Smax = —a = a1+ 5.
V0 mav,
2

All particles with impact parameter s < spmax will hit the surface, so that oeg = 7s],,-

Question 4

a) From the lecture notes we have

P 2_1+2E£2
P=0r © mk?
Eliminating ¢ gives us
k 2



The virial theorem for a gravitational potential gives

1
(T) = (V)
Combining this gives
) = 5 (1-2)
wy = —F (1-22)
p
b) The solution to the Kepler problem in polar coordinates (see lecture notes) is
_ p
1+ecos(f)
The average potential energy over one period is
vy=2 [Tav="2["ak
p Jo tp Jo T
Combining these equations gives
(Vy = 1 dt§(1+5cos </ dt—{—s/ dt cos(f )
tp Jo p ptp

k
=5 (1 +e(cos(h))) .

We can find the last integral by using ¢ = mr26 and a Change of variable

1 tp 1 2T m 2T 9
(cos(9)) = — dt cos(f) = — do = 005(9) — dfr(0)° cos(0)
ty Jo ty Jo 0 gtp
mp? /27r &0 cos(0)
0ty Jo (1+ecos(6))?

Using hint 2 and 3 we get

2 ron 2
mp cos(6) mp~ d / dp
9) = —— de = - - T -l
{cos(6)) lt, /0 (1 +ecos(6))? lty de Jo 1+ ecos(9)
mp d 27 2mm p’e

i, devi—22  ft, (1—e2)3/2

Then, using

2mm p?
th=—"1 2\3/2°
02 (1 —g2)3/2
we get,
(cos(0)) = —,
SO L
v 1—¢?
V)= )-

c¢) Integrating the kinetic energy by parts, with 72 = /v, gives

t 2 t
Ty = ™ Pdt<dr> _m [ dr|®
2t, Jo dt 2t,, dt |o

Here, the first term in the parenthesis is zero, since 7(0) = r(¢,), and 7(0) = 7*(¢,). Hence,

tp d*r
_ dtr . ——
0 b dt? )

1 tp k 1 2 1 k
Ty=—— | Tatr (=29 = = [Tatt =2 1—
() o, Jo T ( r3r) o, Jo r 3V = Qp( ).

This agrees with the result from the virial theorem.



